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1. Setup

SL2pZq :�
 �

a b
c d

�
P M2pZq : ad� bc � 1

(
m P N, Γ0pmq :� SL2pZq X tp � �

0 mod m � qu

H :� tz P C : =pzq ¡ 0u

SL2pZq ýH:
�
a b
c d

�
τ :� aτ�b

cτ�d

De�nition

Fix k in N. An elliptic modular form of weight k with respect to

Γ0pmq is a holomorphic function f : HÑ C which satis�es

f

�
aτ � b

cτ � d



� pcτ � dqkfpτq

Mkpmq :� SpanCtf as aboveu is �nite-dimensional

epxq :� e2πix, every f as above has a Fourier expansion:

fpτq �
¸
n¥0

af pnq epnτq

Skpmq :� tf PMkpmq : af p0q � 0u
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�x L � pL, βq:
L � ZrkpLq

β : L� LÑ Z is
positive-de�nite: βpλ, λq ¡ 0 for all λ in L
even: βpλq :� βpλ,λq

2
P Z

JL :� SL2pZq 
 L2

pτ, zq P H� pLbZ Cq
JL ýH� pLbZ Cq:

��
a b
c d

�
, pλ, µq

�
pτ, zq :�

�
aτ�b
cτ�d ,

z�τλ�µ
cτ�d

	
L# :� tt P LbZ Q : βpt, λq P Z for all λ in Lu

De�nition

Fix k in N. A Jacobi form of weight k and index L is a holomorphic

function ϕ : H� pLbZ Cq Ñ C which satis�es

1 ϕ pγpτ, zqq � pcτ � dqk e
�
cβpz�λτ�µq

cτ�d � τβpλq � βpλ, zq
	

�ϕpτ, zq

2 ϕpτ, zq �
¸

DPQ¤0,tPL#

D�βptq mod Z

CϕpD, tq eppβptq �Dqτ � βpt, zqq.
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Jk,L :� SpanCtϕ as aboveu is �nite-dimensional

Sk,L :�
 
ϕ P Jk,L : Cϕp0, tq � 0,@t P L# s.t. βptq P Z

(
Example

If L is unimodular, then

ϑLpτ, zq :�
¸
λPL

e pβpλqτ � βpλ, zqq

is a Jacobi form of weight rkpLq
2 and index L.

set Γ8 :� tp 1 n
0 1 q : n P Zu ¤ Γ0pmq and de�ne the weight k

Eisenstein series

Ekpτq :�
1

2

¸
�
a b
c d

	
PΓ8zΓ

pcτ � dq�k PMkpmq

Mkp1q � Skp1q ` CEk
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set J
L
8 :� trp 1 n

0 1 q , p0, µqs : n P Z, µ P Lu ¤ JL

de�ne gL,tpτ, zq :� epβptqτ � βpt, zqq (t P L#)

for every r in L# s.t. βprq P Z, de�ne the Eisenstein series of

weight k and index L associated with r

Ek,L,rpτ, zq :�
1

2

¸
γPJ

L
8zJL

gL,rpγpτ, zqqpcτ � dq�k

� e

�
�cβpz� λτ � µq

cτ � d
� τβpλq � βpλ, zq




JEis
k,L :� SpanC

 
Ek,L,r : r P L#{L and βprq P Z

(
Theorem (M. 2017)

When k ¡ rkpLq
2 � 2, the Eisenstein series are elements of Jk,L and

Jk,L � Sk,L ` JEis
k,L.
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Hecke theory

(Atkin�Lehner, 1970): T plq : Mkpmq ÑMkpmq (l P N)
T pmqT pnqf � T pnqT pmqf
xT plqf, gy � xf, T plqgy
T plq : Skpmq Ñ Skpmq

(Ajouz, 2015): T plq : Jk,L Ñ Jk,L
T pmqT pnqϕ � T pnqT pmqϕ
xT plqϕ,ψy � xϕ, T plqψy
T plq : Sk,L Ñ Sk,L

a Hecke eigenform is f in Mkpmq s.t. T plqf � λf plqf

a Hecke eigenform is ϕ in Jk,L s.t. T plqϕ � λϕplqϕ

Theorem

The space Mkpmq has a basis of Hecke eigenforms.

Theorem

The space Jk,L has a basis of Hecke eigenforms.
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n | m and d | mn , g PMkpnq ùñ gpdτq PMkpmq

Mkpmq �Mnew
k pmq `Mold

k pmq, compatible with Hecke ops.

a normalized newform is a Hecke eigenform in Snewk pmq s.t.
af p1q � 1

if f is a normalized newform, then fpτq �
¸

n¥1

λf pnqepnτq

Remark

There does not exist a complete theory of newforms for Jacobi

forms of lattice index.

Modularity Theorem (Wiles et. al.)

Elliptic curves over Q are �related to� normalized newforms of

weight 2.

Fermat's Last Theorem (Wiles, 1994)

No three positive integers a, b, and c satisfy the equation

an � bn � cn for any integer n ¥ 3.
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2. Jacobi forms and elliptic modular forms

if f is a Hecke eigenform, then Lps, fq :�
¸
n¥1

λf pnqn
�s

if ϕ is a Hecke eigenform, then Lps, ϕq :�
¸
n¥1

λϕpnqn
�s

Langlands Program

It is a series of conjectures about connections between geometry

and number theory.

(arithmetic L-functions)ú (automorphic L-functions)

f PMtpmq is a Hecke eigenform:

Lps, fq �
¹

p prime

p1� λf ppqp
�s � pt�1�2sq�1

rkpLq is odd and ϕ P Jk,L is a Hecke eigenform:

Lps, ϕq �
¹

p prime

p1� λϕppqp
�s � p2k�rkpLq�2�2sq�1
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Liftings

levpLq :� mintN P N : Nβptq P Z,@t in L#u

Theorem (Ajouz, 2015)

If rkpLq is odd and 2k ¥ rkpLq � 3, then there exist liftings from

Sk,L to M2k�rkpLq�1plevpLq{2q which commute with Hecke

operators.

Mkpmq �M�
k pmq `M�

k pmq

f PM ε
kpmq ùñ Lmps, fq � εLmpk � s, fq

Birch�Swinnerton-Dyer Conjecture

If E is an elliptic curve, then the rank of the group of rational

points of E is the order of the zero of Lps, Eq at s � 1.

Mkpmq :�Mnew
k pmq ` tvery special oldformsu

Mε
kpmq :�Mkpmq XM ε

kpmq
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Conjecture (�) (Ajouz, 2015)

If rkpLq is odd, then there exists an isomorphism

Jk,L �Mε
2k�rkpLq�1plevpLq{4q

which commutes with Hecke operators, where ε � � if rkpLq � 1
or 3 mod 8 and ε � � otherwise.

p�q was proved for rkpLq � 1 by Skoruppa�Zagier (1988)

M2k�2p1q

oShimura

��

M�
k pΓ2q

S�K

�oo

M�
k� 1

2

p4q
Eichler�Zagier

� // Jk,1

o Maaÿ

OO

can lift Jacobi forms to re�ective modular forms (RMFs)

some RMFs are automorphic discriminants of moduli spaces
Fourier coe�cients of a RMFù generators and relations of
Lorentzian Kac�Moody algebras
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3. Jacobi forms of index Dn

Dn � tpx1, . . . , xnq P Zn : x1 � � � � � xn P 2Zu
Euclidean bilinear form: px, yq :� x1y1 � � � � � xnyn

n is odd

Fact

If m � n mod 8, then Jk�rn
2
s,Dn � Jk�rm

2
s,Dm .

enough to consider n � 1, 3, 5 and 7

Fact

There exists a di�erential operator B : Jk,L Ñ Jk�2,L.

Fact

If f PMk1p1q and ϕ P Jk2,L, then fϕ P Jk1�k2,L.
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Generators for even weights

E8 �
!
x : x P Z8 or x P

�
Z� 1

2

�8
, x1 � � � � � x8 P 2Z

)
αn : Dn Ñ E8, px1, . . . , xnq ÞÑ p0, . . . , 0, x1, . . . , xnq

Fact

If ϕ P Jk,E8 , then ϕpτ, αnpzqq P Jk,Dn .

consider ϑE8pτ, zq �
¸
λPE8

e
�
pλ,λq

2 τ � pλ, zq
	
and de�ne

E4,Dnpτ, zq :� ϑE8pτ, αnpzqq

E6,Dnpτ, zq :� BϑE8pτ, αnpzqq

E8,Dnpτ, zq :� B2ϑE8pτ, αnpzqq

Theorem (Boylan�Skoruppa, in preparation)

J2k,Dn �M2k�4p1qE4,Dn `M2k�6p1qE6,Dn `M2k�8p1qE8,Dn
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Generators for odd weights

ηpτq :� e pτ{24q
¹
n¥1

p1� epnτqq has weight 1
2

ϑpτ, zq :�
¸
nPZ

�
�4
n

�
e

�
τ
n2

8
�
nz

2



has weight 1

2 and index�
Z, px, yq ÞÑ 2� 1

2xy
�

Fact

For 1 ¤ n ¤ 7, the function

ψ12�n,Dnpτ, zq :� ηpτq24�3nϑpτ, z1q . . . ϑpτ, znq

is an element of S12�n,Dn (z � pz1, . . . , znq).

Theorem (Boylan�Skoruppa, in preparation)

J2k�1,Dn �M2k�11�np1qψ12�n,Dn
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Strategy

levpDnq � 8

p�q ùñ Jk,Dn �

#
M�

2k�n�1p2q, n � 1, 3

M�
2k�n�1p2q, n � 5, 7

for �xed odd n and every weight:
1 �nd formulas for Fourier coe�cients of generators (by hand)
2 �nd basis of Hecke eigenforms (by hand/use SageMath)

3 if ϕ is a Hecke eigenform: λϕplq �
T plqϕ

ϕ
�
CT plqϕpD, rq

CϕpD, rq
(implement item 1 in SageMath)

4 compare eigenvalues with those of elliptic modular forms
(available on the LMFDB)

Remark

Conjecture p�q ùñ Jk,D1 � Jk�1,D3 and Jk,D5 � Jk�1,D7 .

But Boylan�Skoruppa ùñ this is false!

e.g. J11,D1 is 1-dim and J12,D3 is 3-dim
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Weight 4

J4,Dn � CE4,Dn
1 Fourier coe�cients are representation numbers of quadratic

forms and
E4,Dn

� E4,Dn,0

2 X
3 pD, rq � p�1, p0, 0, 0qq in λE4,D3

plq �
CT plqE4,D3

pD,rq

CE4,D3
pD,rq gives

l 1 3 5 7 9 11 13 15
λE4,D3

plq 1 28 126 344 757 1332 2198 3528

4 the eigenvalues match

E4pτq �1{240� epτq � 9 ep2τq � 28 ep3τq � 73 ep4τq � 126 ep5τq

� 252 ep6τq � 344 ep7τq � 585 ep8τq � 757 ep9τq

� 1134 ep10τq � 1332 ep11τq � 2044 ep12τq � 2198 ep13τq

� 3096 ep14τq � 3524 ep15τq � . . .
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Summary

Joldk,Dn :� tf P Jk,Dn : eigenv. of f match those of ell. oldformsu

Jnewk,Dn
:� tf P Jk,Dn : eigenv. of f match those of ell. newformsu

results in The Table suggest that

Joldk�1,D1
�Joldk�3,D5

�M�
2kp1q �Mold,�

2k p2q

Joldk�2,D3
�Joldk�4,D7

�M�
2kp1q �Mold,�

2k p2q

Jnewk�1,D1
�Jnewk�2,D3

�Mnew,�
2k p2q �Mnew,�

2k p2q,

Jnewk�3,D5
�Jnewk�4,D7

�Mnew,�
2k p2q �Mnew,�

2k p2q

Skoruppa�Zagier (1988):

Jk�1,D1 �M�
2kp2q �Mnew,�

2k p2q `M�
2kp1q
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Conjecture (M. 2019)

For every k ¥ 2, the following holds:

Jk�2,D3 �M
new,�
2k p2q `Mold,�

2k p2q,

Jk�3,D5 �M
new,�
2k p2q `Mold,�

2k p2q,

Jk�4,D7 �M
�
2kp2q

and these isomorphisms are Hecke equivariant.

Lemma (M. 2019)

For every k ¥ 2, the following holds:

dimpJk�2,D3q �dimpMnew,�
2k p2qq � dimpMold,�

2k p2qq,

dimpJk�3,D5q �dimpMnew,�
2k p2qq � dimpMold,�

2k p2qq and

dimpJk�4,D7q �dimpM�
2kp2qq.
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The proof of the lemma uses:

dimension formulas for M2kp1q, from which in turn we obtain

dimension formulas for Jt,Dn

dimension formulas for M2kp2q, from which in turn we obtain

dimension formulas for M2kp2q
new � S2kp2q

new

the fact that M2kp2q
new �M2kp2q

new,� `M2kp2q
new,�,

combined with the formula

dimpMnew,�
2k p2qq �

#
dimpMnew,�

2k p2qq, k � 2, 3 mod 4,

dimpMnew,�
2k p2qq � 1, otherwise
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To do

make experimental results precise

more computations

newform theory

trace formula for Jacobi forms of lattice index

Thank you!
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