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o e(x) =e®™* §:= {2 € C:3(z) >0}, I denotes SL»(Z) and

Lo(m) := {(0 mod m :)}”F

o fix k in N and a lattice L = (L, 3) over Z which is

° : B(AA) >0 forall Xin L

° t BN = M eZ
the rank of L is the rank of L as a Z-module: L ~ Z*&)
the dualof Lis L# ;= {t ¢ L®z Q: B(t,\) € Z for all Xin L}
the level of L is lev(L) := min{N € N: NB(t) € Z for all t in L#}
the integral Jacobi group JE := SLs(Z)u x L? acts $ x (L ®z C):

a b _faT+b 3+TA+p
[(c d)’(/\’ﬂ)](T’z)'_ <CT—|—d’ ct+d )

o JL£ acts on holomorphic functions ¢ : $ x (L ®z C) — C via:

elr,LY(1,3) =p (4(1,3)) (e +d) "

" e(—cﬁ(3+/\r+u)

SEATEI) 4 ) + 5(0))
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Jacobi forms of lattice index

A function ¢ as above is a Jacobi form of weight k£ and index L if

O ©lrk.1Y(7,3) = @(7,3) for all v in JE and
@ ¢ has a Fourier expansion of the form

90(7-’3) = Z cy,(n, t)e (nT+IB(t73)) o

nezZ,teL#*
n>pB(t)

° := {space of ¢ as above}

@ c,(n,t) only depends on t mod L and on n — (), so we can write

p(ra)= Y Co(D,t)e((B(t) — DT+ f(t,3))

DeQ<gteL#
D=p3(t) mod Z

with C, (D, 1) = e (B(t) — D, 1)
° = {p € JrL : Cp(0,t) =0 for all t € L such that B(t) € Z}
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 gr.p.(7,3) =e((B(t) — D)7+ B(t,3))
o 5= {((}1),(0,p):in€ELpeL)

define the Poincaré series

o for every pair (D,t) such that D € Q<o, t € L* and $(t) = D mod Z,
Pr,,p,(7,3) 1=

Y 9roalery(rs)
yeTEN\IL

and, for every 7 in L# such that 8(r) € Z, define the Eisenstein series
Erpr(7,3) ==
@ set

2

> groslkey(ns)
yeTEB\IL
={reL#/L:B(r) € Z} and

:={FEk,Lr:7 €Iso(L)}

=} = = = A
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Theorem (M. 2017)

The Poincaré series span Sk, and

Eis
L = Sk.L ® Ji.L-

@ meaning:
e k > rk(L) + 2 for Poincaré series and k > # + 2 for Eisenstein series
® Py,r,pyt €Sk, and Eppr € Jp,L
e Jconstants A\, 1 p in C such that (¢, Py 1. pt) = Ak,L,0Co (D, t) for
every ¢ in S,
o (JP5, SpL) =0

o Fourier expansions: Cp, , 5, ,(0,s) =0 and

2 -k
Cputpa(Gs) :=0L(D,t,G, ) + (~1)*6L(D, ~t,G,s) + ——
- det(L)?
G %*L%)*% k(L) 4 (DG)l
LI DA e 2
(5) T (M)

X (HLqC(D’ t’ G? S) + (_1)kHL,C(Da _t7 G7 S)) Y
with Hp (D, t, G, s) equal to
Z ec (B +1t) —D)d™" + (B(s) — G)d + B(s, A + )

de(Z/cL)* ,NeL/cL
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Examples (continued)
o the Dedekind n-function
2

n(r) = q% [[(1—q")

2
_4 n nz
19(7'72) Z(T)€<T§+?)
nez
is a Jacobi form of weight 1 and scalar index 3
o for 2 < k < 8§, the function
is an element of Ji2_x,p, (3 = (21,

Pra—k,0, (7:3) := n(7)* (7, 21) (7, 21)
Sl2_k1Dk for k <7 (note that D3 = A3)

is an elliptic modular form of weight 1/2 for I'; the Jacobi theta series

,zr)) and in fact an element of

=} = = = A
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@ define
O(1, 21, 22) == (7, 21)0(7, 22 — 21)0(7, 22) /0(T) € J1, 4, (v});
then
Wo.45(7,3) == (1)O(7, 21, 22) € So,a,

Wo,245(7,3) :=n" (T)O(T, 21, 22)O(T, 23, 21) € S,24,
1/13,3142 (7-7 3) ::@(T’ 217 22)®(T7 237 24)6(7—7 253 ZG) € J3v3A2

o Gritsenko—Skoruppa—Zagier (preprint): Theta blocks
o for every t in L#/L, define

Dre(m3) = Y. e(B(s)T+B(5,3));
L

o if L is an even, unimodular lattice, then ¥ o is an element of J, (.,
2

L
e in general, Ek,é,r = % (19&‘7« + (—l)k’ﬂé’,r) + ...
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3. Some applications

Gritsenko (1988): introduces Jacobi forms of lattice index as
Fourier-Jacobi coefficients of orthogonal modular forms

@ embed L into a lattice of signature (2,rk(L) +2): M = Hi ® L(—1)® H»
o write Z = (w,3,7) € H(M) and embedd JZ into O (M) as

L0 G Bp) Bw
0 1 M@ B(A) 0
o’ = diag(A*,Erk(L),A) 0 0 Exuw A o
0 0 0 1 0
0 0 0 0 1

where A* = I(A")"'Tand T = (9})
then ¢ € Jpr <= B(Z) := p(7,3)e(2miw) € Mi(07)

@ one can /ift Jacobi forms to

e some RMFs are the automorphic discriminants of moduli spaces (e.g.

lattice polarized K3 surfaces - Gritsenko—Nikulin (1996))

this allows for the construction of modular varieties (e.g. Gritsenko (2010):
modular varieties of Calabi—Yau type of dim 4, 6 and 7 and Kodaira dim 0)
if a RMF is a lift of a Jacobi form, then one obtains a simple formula for
its Fourier coefficients at a 0-dim cusp; these determine the generators and
relations of Lorentzian Kac—Moody algebras (Grisenko—Nikulin (1997))
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Relation to elliptic modular forms

Conjecture x (Ajouz, 2015)

If rk(L) is odd, then there exists a Hecke-equivariant isomorphism

T, = Mop_kzy—1(lev(L)/4),

where e = —1 if rk(L) =1 or 3 mod 8 and € = 1 otherwise.

o Wy :=(2 ') and = {f € Mi(m): flsWm =ei *f}
ofEMk( ) m(fvs)ZEAm(ﬂk*S)

@ every Hecke eigenform f in Mk(m) “comes from” a newform g in Mj(n)

=[] @

97 S) o

e if f is an eigenform for all Atkin—Lehner involutions, then every Q, has a
functional equation

Qp(k — 5) = £p~rM/MET2IQ, ()

o let denote the subspace spanned by all f for which the sign in the
above equation is + for all p | (m/n) ; set M7 (m) := Mi(m) N M (m)
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e this was proved for rk(L) = 1 by Skoruppa—Zagier (1988) by using trace
formulas and the theory of newforms
o the result was used by Gross—Kohnen—Zagier (1987) to show that the classes
of Heegner points on a modular curve Xo(m) in the Mordell-Weil group of
its Jacobian are the coefficients of a Jacobi form of weight 2 and index m

Study Ajouz's conjecture.

o intermediate goal: develop e theory of newforms, meaning
Given Ji,r, how many of its elements ' " Jacobi forms of weight
k and index M with lev(M) | lev(L)?
o Conjecture *:
+1
Jp,L m%q—rk(;)(leV(L)/‘l)a

@ Sakata (2018):
ST (m) = SRy
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4. Hecke operators and the action of the orthogonal group
o defined by Ajouz (2015) for (¢,lev(L)) =
To(£)p = F B2
@ then

1:

>

'yEJL\JL(l(/)ZO)J
Zdzk (L) =37,

[peeen()

d2
2

@lr,Ly
s,d>0
sd“|€,s square-free

rk(L) odd
¢

@> o, rk(L) even
o they map Ji,  to itself and they preserve cusp forms and Eisenstein series

yu(s) (sd?) = 2T°<

Andreea Mocanu
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Properties of Hecke operators

o they are Hermitian: (T'(£)p, ) = (p, T(£)y)
o they commute:

Z d2k—rk(L)—2T(€m/d2)<p7 rk(L) odd
d|(¢,m)
TW)T(m) = Tk
>0 xe(dd T T (tm/d) o, k(L) even,
d|(£2,m?2)

@ a well-known result from Linear Algebra implies the following:

The space Sy,1 has a basis of simultaneous eigenforms for all T'(¢).

@ let p be an eigenform of all T'(£): T'(£) = A(£)ep; if rk(L) is odd, then

-1
L(s,p) := Z O H (1 - piz)\(p) +p2k7'k@)72725>

(e,leﬁ(eg))=1 (p,lev(L))=1
e correspondence for rk(L) even:

Jep > M, (7, xLE)
2

Andreea Mocanu Newform theory for Jacobi forms of lattice index



@ let r € Iso(L) and let x be a primitive Dirichlet character modulo F' for
some F' | ord(r); define the twisted Eisenstein series

Ekprx = > x(d)Ex,L,ar
d€(Z/ord(r)Z)*

Theorem (Ajouz, 2015)

The twisted Eisenstein series Ej, 1. (r as above modulo (Z/lev(L)Z)* and x
as above with x(—1) = (—1)*) form a system of Hecke eigenforms for J';
with eigenvalues

U;(I;Y—rk(g)—2(€)7 rk(L) odd

A= X(Z)U:’_X@_l(ﬁ), rk(L) even.
2
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The action of the orthogonal group

e the discriminant module associated to L is Dy, := (L* /L, 8 mod Z)
e the orthogonal group of Dy is O(Dy) :=={s: Dy = Dr : Bos=f3}
@ Ajouz (2015): there exists an action of O(DLr) on Ji

(s, ) = (1,3) ==Y Co (D, s() e ((B(t) = D)7 + B(t,3))

@ these operators commute with T'({) ; therefore W(s)p and ¢ have the
same Hecke eigenvalues if ¢ is an eigenform

e an element « in L# /L such that ord(a) = lev(a) or 2ord(c) = lev(a) is
called admissible

o for every admissible «, consider the reflection map
B(t, o)
Salt) :=t — «
=t ")

The maps s are elements of O(Dy) and involutions. I
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SETI

Skoruppa (1984) defines an operator on Jy, ., for every n || m:

Wao(T, 2) ZCD)\t th—D)T-i-ZtZ),

where )\, is uniquely determined modulo 2m by the modular equations

An = —1 mod 2n

An = 1 mod Q—m
n

e it can be shown that W, = W (s4) for some a in 5-7Z/Z

o the W, are called Atkin—Lehner involutions by Skoruppa-Zagier (1988),
because

tr (T(1) o W, Ji,m) = tr (T(1) 0 Wi, My, _5(m))

Proposition (M. 2018)

The operators W (s) are unitary for all s in O(Dy) and they are Hermitian
when s is a reflection.
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5. Level raising operators
1) The V operators

@ Eichler—Zagier (1985):

V() : (T, 2) —

NM—!

2
2,
\ |

Zd (ar—i—b Z)

o Gritsenko (1988) constructs these operators for arbitrary lattice index L
using the embedding of Jx 1 into Mx(O”)

o remember elliptic Hecke operators

maps Jk,m to Ji,me (¢ € N)

T(£):= > SLy(Z) (§9)SLa2(Z
ad={

ald
e set

A* X1 T
G’ = 0 Euw X | €SO0g(M):det(A)>0
0 0 A
o consider the following embedding of H(SL2(Z), M7 (Z)) into #(07,G7)
L2 SLo(Z)A SLa(Z) v 07 diag ((det YA, By det(A)’lA) o’

=} =
Andreea Mocanu
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o if 07907 =3, 07g;, then set

¢l(0750") ()= S oD (i)

Proposition (Gritsenko, 1988)

If o € Ji.. and O7 gO” is an element of H(O”,G”), then
P L

7l (0‘]90") € Jk,L(1/ det(A))-

e we have V(£) = $4(T'(¢))

It follows that V (£) maps Jy 1 to Jy L), raising the level by a factor of .
Furthermore, the V (-) operators commute.
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V operators and liftings

@ the V(-) operators are precisely the ones used for additive liftings

S pE L = Tusy VOp(rs)eltw) € My (OF(0))
0 € Jp1 = 3o V(IO@(r, 2)e(w) € My (I'2)
@ note that
_ k—1 nl t
Vel = X X a7 () el ),
nez,te L# d|(n,£)
m>p(t) ter#

@ in particular, they preserve cusp forms and Eisenstein series

[m] (=) = \
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[I) The U operators

o Eichler—Zagier (1985): U(¥) : (T, 2) — @(7,£2) maps Ji,m to Jy 2
e let L=(L,B)and L' = (L',B’) be two lattices; an isometry of L into L’
is an linear map 0 : L ®7 Q — L’ ®z Q such that

Bloo=p and oLCL

Definition

For every isometry o of L into L, define a linear operator U(c) from Jj, 1/ to
Hol($ x (L ®z C) — C) as

Ulo)p(r, 2) = ¢(7,0(2)).

Proposition (M. 2018)

When L ®7 Q ~ L' ®7 Q, the operator U(c) maps Ji, ./ to Ji,L.

o for example, the map o/ : Q — Q, o¢(x) = £z is an isometry of
(Z, (x,y) — 2mL2zy) into (Z, (x,y) — 2may) and U(oe) = U(£) maps
Jk,m to qumg2
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o the definition of the dual lattice implies that lev(L’) | lev(L) and it follows
that U(o) raises the level

o when rk(L) = 1, the level is always raised by a square factor, but for
higher rank this need not be the case

@ (o(L),p') is a sublattice of L' and L ~ (c(L), 8’); conversely, any
sublattice (M, 3") of L’ gives rise to an isometry of (M, 3’) into L’

@ the previous Proposition can be rephrased as

@ in particular, the U operators preserve cusp forms and Eisenstein series

Proposition (Nikulin, 1980)

Let L = (L, () be a positive-definite, even lattice. Then there is a one-to-one
correspondence between overlattices of L and isotropic subgroups of Dy,. For
every such overlattice L' = (L', B), the correspondence is given by

L'~ L'/L.
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o for every isotropic subgroup I of D, set L, := (L +I,/3)
@ we obtain an operator U(I) = U(tz,1,) which acts as an inclusion map of
Jk,LI into Ji. 1

Theorem (M. 2018)

The operators U(-) and V' (-) commute with each other. They commute with
the Hecke operators. Furthermore, if an admissible element o in L* /L is such
that (lev(a),?) =1, then V(L)W (sa) = W(sa)V (£). If I is an isotropic
subgroup of Dy, and « is admissible both in L* /L and in L /L;, then
U)W (sa) = W(sa)U(I).

Definition

An oldform in Jy,r is an element ¢ which is either equal to V(¢)v for some £
in N and some 1 in Ji p(1/¢) Or it is an element of Jx 1, for some isotropic
subgroup I of Dp.

If o € Jy1 is such that Cy,(D,r) = 0 for r not it LY, then ¢ is an oldform.
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Eisenstein series

Proposition (M. 2018)

The following holds for every s in O(DgL):

W(s)Ex,L,rx = Eg.p,s-1(r)x-

Proposition (M. 2018)

The following holds for every ¢ in N and every isotropic I in Dy :

_ Lt
VOB = S S a7, (n4) B

teL(e)# /L dl(£B(t),£)
LB(t)EZ

Proposition
If F # ord(r), then Ej 1 is an oldfrom.
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@ is the above criterion for oldforms exhaustive?

o are there more V/(-) operators?
o guess: no
o do we have Multiplicity One?
@ there should be more old Eisenstein series

e when rk(L) = 1, all Eisenstein series are old if m is not a square and, if
_ f2 :
m = f#, then only Ek,ﬂ,%,x is new

Thank you!
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