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Abstract

In this paper we study the work of James Maynard [10], in which
he proves that

lim inf (ppim — pn) < 00,
n—oo

thus establishing that there are infinitely many intervals of finite length
that contain a fixed number of primes. We use Sieve theory, in par-
ticular Selberg’s sieve, and we look at preliminary work in order to
better understand this result. To conclude, we discuss the implications
of this result.
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1 Introduction

The study of prime numbers has intrigued people since antiquity. It rep-
resents the basis of Analytic Number Theory. In 1896 the prime number
theorem was proved independently by de la Vallée Poussin and Hadamard,
describing the asymptotic behaviour of primes.

Their work was based on that of Riemann and, with the clever use of
Complex Analysis (contour integration), they proved that

7(x)

z—o0 z/ log -

(1)

We write this as m(z) ~ z/logz, where we define m(x) := > _ 1, the
number of primes less than or equal to x.
Equivalently, we can weight each prime with a weight log p to obtain the

estimate
U(zx) = Zlogp ~ T

p<z

This implies that the average gap between consecutive primes less than
or equal to a given n is approximately logn, i.e. primes become less com-
mon as they become larger. People were concerned with investigating gaps
between prime numbers more thoroughly, and since then many conjectures
have arisen. We focus on small gaps between primes and when we say small
we mean in comparison to the average gap. There are spectacular results in
this area in the recent years.

In a paper printed in 2005 [7], Goldston et al. proved, among other things,
that:

lim inf 22t~ Pr 0,

n—oo  logpy

where p, is the n—th prime, thus showing that there are infinitely many
consecutive primes that have an arbitrarily small gap compared to the av-
erage gap. In their proof they use Sieve Theory, which is a compilation of
techniques used to count a large set of integers which satisfy certain prop-
erties (usually involving prime numbers). Furthermore, under the Elliott—
Halberstam conjecture regarding the level of distribution of primes, they
prove that:

liminf(p,.1 — pn) < 16,

n—oo

in other words there are infinitely many pairs of prime numbers that differ
by 16 or less.



In 2013, Yitang Zhang published a paper [16] in which he established the
first finite bound on gaps between prime numbers, showing that

liminf(p,1 — p,) < 7 x 107
n—oo

His method was a refinement of that of Goldston et al. and the result was
a breakthrough as the proof is unconditional. The polymath project [12]
reduced the gap to 4680, by further developing Zhang’s techniques.

The aim of this project is to study the work of James Maynard, who, a
few months after Zhang, used a generalisation of the methods used in [7] to
prove that

lminf(py,1m — pn) < 00.
n—o0

In other words, there are infinitely many intervals of finite length that contain
m + 1 or more primes.
He also improved Zhang’s estimate considerably by obtaining

lim inf(p,+1 — pn) < 600, (2)
n—oo

and, under the Elliott—Halberstam conjecture, that liminf, (p,+1 — p,) < 12
and liminf,,(p,i2 — pn) < 600.

We will first discuss some sieving techniques which are useful in studying
gaps between primes. Then we talk about admissible sets and the Elliott—
Halberstam conjecture, as well as the level of distribution of primes, at which
point we state the Bombieri—Vinogradov theorem. In Section 3 we discuss
the methods used in the Goldston et al. paper, which will then help us
discuss Maynard’s techniques and results in Section 4.

2 Sieve theory

Sieve Theory is an important tool used in Number Theory, whose modern
version emerged more or less 100 years ago. To this day, there are a handful
of sieves that are used more often than others. Our focus will be on the sieve
of Eratosthenes, as an introduction, and the Selberg sieve, which we use in
our analysis of Maynard’s work.

Let us begin with a formal definition of a sieve, as stated in [I]:

Definition 2.1. Let A be a finite set of objects and let P be an indexed set
of primes such that to each p € P we have associated a subset A, of A. We
define the set

S(A,P) = A\ Upep A,
The purpose of sieve theory is to estimate the size of this set from above and
below.



In general, A is a set of positive integers and A, is a subset of A consisting
of elements lying in specific congruence classes modulo p.

For example, if A = (I,N), P = {p,p < VN}and A, = {n € An =
0 (mod p) and n+2 =0 (mod p)}, then S(A, P) is the set of all twin primes
< N that are not in P.

We now introduce the sieve of Eratosthenes, which was written down in
the form we present by A.M. Legendre in 1808, in the second edition of his
book Théorie des Nombres.

2.1 Sieve of Eratosthenes

The sieve of Eratosthenes is a simple way of sifting out primes up to a certain
upper bound, x.

Informally, we make a list of all the integers 2,3,...,|x]|, where by |z]
we denote the greatest integer less than or equal to x. We start by calling
2 a prime and crossing all of its multiples off the list. As 3 is uncrossed,
we call it a prime, too, and proceed by crossing off all of its multiples. We
then pick the next uncrossed number and repeat the algorithm until the next
uncrossed number is greater than y/z. All the numbers that are uncrossed
by the end are prime.

Formally, we wish to study the number

O (xz, 2) := #{n < x : nis not divisible by any prime < z}, (3)

where x, z are positive real numbers.

Let
P, = H p.

p<z

We can use the following result about the Mébius function, puf(-),

Zu(d) - { (1) i)ft}?erzwis’e. <4)
din
to write
Da,2) =Y Y ud)= DAY 1= u@ |5 6
n<z d|(n,Py) d|P(z) n<z d|P;
dn
- p(d) o 1 .
_md%7+0(2 ) —:EE <1—5) +0(2),



where in the first line we used the fact that #{n < x : n = 0 modulo d} =
|x/d| = x/d+ O(1). We can relate this result to 7w(x). We have

(m(z) — m(2)) + ()
P(z,z) + ( )
O(x,2) + (6)

Since 1 —x < e~ holds for positive z, which can be shown by derivation, it

implies that
H<1—1)<exp —Zl
p) ~ p)

p<z p<z

In addition to this, we use the following result:

1
Z — > loglogz 4+ O(1),
p

p<z

which we prove using partial summation from the following theorem of Cheby-
cheff (1.4.5 in [1]):

Theorem 2.1.

Z logp >logz + O(1).

p<z

We do the summation by parts:

Z I Zlogp 1 logp /Zp<t Ing/p)dt

“~p <4< p logp log z tlog®t
1 logt + O(1)
1 +O(1 +/—dt
- 10gz<0gz (1) tlogt

[l
—1—|—O( ) /—dt+ /—Zdt
log z tlog”t
1
1 1
=140 +0O(———) +loglog 2,
log z log 2

which gives the required result.

Using this We can obtain an upper bound for ®(z, z) and, by substituting
in @ for m(x). We choose z := clog x for a small positive constant ¢ to get
the result:




Proposition 2.2.
(1) € ———
loglogx”

We now want to study a more general setting. Let A be a set of natural
numbers lest than or equal to x and let P be a set of primes. To every p € P
we assign a number w(p) of distinct residue classes modulo p.

Remark 1. In Proposition [2.2] w(p) = 1 and we fix the residue class 0 (mod
p).
Let A, denote the set of elements of A belonging to at least one of these

distinct residue classes modulo p, let A; := A and for any squarefree integer
d composed of primes in P we define

A=A

pld

and

w(d) = [Jw(p).

pld

The Chinese remainder theorem ensures w(d) is well defined: given two dis-
tinct primes p; and ps and a residue class modulo each of these primes, there
exists a unique residue class modulo p1py. We proceed by induction.

Let z be a positive real number and define

P(z) := Hp.

peEP
p<z

We define S(A, P, z) to be the number of elements of the set
A\ U A4
p|P(2)
Assume that there exists an X such that

d
#A, = %X + Ry

for some Ry.

Theorem 2.3 (The Sieve of Eratosthenes). With the above setting, suppose
the following conditions hold:
1. |Rq| = O(w(d));



2. for some k > 0,

1
s wlBr 4 0)
e P

3. for some positive real number y, #A4 = 0 for every d > y.
Then

S(A,P,2) = XW(2)+ 0 ((X + L) (log )"+ exp (_logy)) ,

log 2 log 2z

where

wi(z)=]] (1_%).

pEP
p<z

Remark 2. As we assign more residue classes to each prime (w(p) increases),
k becomes bigger and, as a consequence, so does the error term in the third
condition.

Remark 3. In Proposition 2.2 x = 1 and the second remark becomes

1
Z 8P <logz+ O(1),

<z

which was proven by Mertens (see [2] for alternative proof).

The proof requires the following lemmata, which we quote from [I] with-
out proof:

Lemma 2.4. With the setting and hypotheses of Theorem[2.3, let

F(t,z) =Y w(d).

d<t
d|P(z)
Then |
F(t,z)=0 (t(log z)"exp (—hc;gi)) :

Lemma 2.5. With the setting and hypotheses of Theorem

> Ao ((log 2y exp ({Zig)) |

d|P(z)
d>y




Proof of Theorem[2.3. We want to use the inclusion-exclusion principle from
combinatorics, namely

=) (—1H ( > 1B, m...mBik|) .

k=1 1<ii<...<ip<n

n

s

i=1

Using this and the first and third hypotheses of Theorem [2.3 we get

S(AP,2)= ) ud)#As = Z w(@) XY 4 o(p(y. )
d|P(2) d|P(z
_ X( > w3 u<d>$> +O(F(y,2).
d|P(z) d|P(z)

We write the first sum inside the main term as its Euler product and we
apply Lemma to the second one and Lemma to the error term to
obtain

_ Y w1 _logy
S(A,P,z)—XW(2)+O(<X~I—10gZ> (log 2) exp< logz>)'

2.2 Selberg’s sieve

In 1947, Selberg came with a clever contribution in estimating ®(z, z), as
defined in (3)). His idea was to replace the Md&bius function in with
a quadratic form, which can then be minimised for optimal results. This
method was then used with small modifications by Goldston et al. in [7]
and subsequently by Maynard, in a multi-dimensional setting, to obtain the
results mentioned in the Introduction.

Selberg made the observation that for any sequence (\;) of real numbers
such that A\ = 1, the following holds:

> ud) < (ZAd>2.

d|k d|k

This is because the left-hand side of the inequality is equal to 1 if £ = 1 and
to 0 otherwise, while the right-hand side is 1 if £ = 1 and greater than or
equal to 0 otherwise.



Hence, from we get

O(z,2) <> (dlz Ad>2

n<x (n,Pz)
(5 )
RSZ’ d1,d2|(n,Pz)
> Aade )1
dy,d2| P nsz
[d1,dz]|n
Ad: A
<z e > Palal ),
d17d2
dy,dz|P: di,d2|P;

where by [a, b] we've denoted the least common multiple of a and b. Since
our sequence (\g) was chosen arbitrarily apart from the one condition, we
may make the assumption that \; = 0 for d > z and obtain

Ady Ad

O(x,2) < —= 4+ 0 Ay [ Al | - 7

mase Y M o( X ). @
d1,d2<z di,da<z

Our purpose is to estimate the main term so we look at

> ®

di,d2<z

as a quadratic form in (A\g)q<. and we try to minimize it.

We use the fact that [dy, ds](d1,d2) = dids, where we’ve denote by (a, b)
the greatest common divisor of a and b, and that > 5, ¢(d) = d, where ¢(-)
is Euler’s totient function, i.e. ¢(J) is the number of positive integers less
than or equal to ¢ that are relatively prime to 6. We write as

I R I L USRS —A;“@ > o)

d
dl,d2gz[ 1 do] d1,da<z di,da<z % 5\(dhydo)
2
B 5 Aihay
0<z dy,d2<z 12 0<z d<z
5|(dy,da) 5ld



under the linear transformation

Ad
Ug = —. 9)
d<z d
sld

This transformation is invertible and we can use the dual Mobius inversion
formula (1.2.3 in [I]) to obtain

%:Z“(ng) Uy,

d<z
old

Bearing in mind our conditions on (A;), we have us = 0 for 6 > z and

Zu(d)ud =\ =1 (10)

d<z

Using this, we can write

where V(2) = Y0, #2(d) /(d).
We want to minimise this quadratic form under the constraint . It is
easy to see that we have a minimal value of 1/V(z), which occurs when

) _ p(d/6)p(d)
S orE T L e

Using this, we can prove that |A\;| < 1 for any d (see p.117 in [I] for proof).
Substituting our results into , we obtain

T

O(x,2) < V)

+ O(2%). (11)

Remark 4. We can use this to obtain a better estimate for 7(z) than Propo-

sition [2.2] namely:
x

) < logx’

which is Chebyscheff’s upper bound for 7(z). The proof is again based on
writing
m(z) < ®(x,2) + 2

10



and we use to estimate @(a:, z). We have

1 |
23—2'3

d<z d<z d<z d<z

u

where the Z;SZ denotes that we are summing over non squarefree d. We
now quote without proof the following proposition from [I] (1.3.3):

Proposition 2.6.

1
Z 5= log z 4+ O(1).

d<z

We use this and the fact that

since if d has a squarefree divisor k > 2, say, then d < z implies d/k? < z/4
and also

We obtain

m(r) < og 2

We then need to choose an appropriate z again, which in this case will be
= (x/log x)'/2. This gives the result.

We now discuss the general Selberg sieve. Let A be a finite set of natural
numbers and let P be a set of primes. For every p € P, let A, be a subset of A
(notice that, unlike the sieve of Eratosthenes, A, does not necessarily depend
on fixed residue classes modulo p). Let A; := A and for any squarefree integer
d composed of primes in P we define

.Ad = ﬂ .Ap.

pld
Let z be a positive real number and define P(z) and S(A, P, z) as before.

Theorem 2.7 (Selberg’s sieve). With the above setting, suppose there exists
X > 0 and a multiplicative function f(-) which satisfies f(p) > 1 for any
prime p € P, such that for any squarefree integer d composed of primes in P
we have

#HAg = + Ry (12)

X
f(d)
11



for some real number Ry. Write
f(n) =2 fid), (13)
din

where f1(+) is a multiplicative function which is uniquely determined by f(-)
using the Mébius inversion formula, in other words fi(n) = 3_,,, p(d) f(n/d).
Set

2
p*(d)
Viz) = .
) o= hid)
d|P(z)
Then
SAP < +0( Y R
T TV (2) dy,de<z el )
d1,do| P(2)

Remark 5. Note the inequality sign in Selberg’s sieve, compared to the equal-
ity we had in Theorem 2.3 The main terms in the two sieves have the same
order of magnitude (both are O(x/logz)), but there is an improvement in
the error term.

Remark 6. In (1), in the formula for V(z), we have fi(-) to be the Euler
function, hence f(n) = >_,, ¢(d) = n is the identity function.

The proof of this theorem is analogous to that of :

Proof of Theorem[2.7]. As before, we start with a sequence (\;) of real num-
bers satisfying A\; =1 and A\y =0 for d > z.

We want to obtain a similar estimate for S(A, P, z) as we did for ®(z, z).
By the inclusion-exclusion principle, we have

AP Y 1= ) 1=y ( 3 M(d)>-
acA d|P(z) a€Ag a€A \d|P(z)
a%-ApVMP(Z) ac€Ay
We define, for any a € A,
D(a) := H P,
peEP

acAp

and if a ¢ A, for any p € P, then D(a) := 1. We have

d_ud)= ), u(d)§< > Ad) =<2Ad) .
(a)) d|(P(2),D(a)) )

d|P(z) d|(P(z),D (2),D d|P(z
a€Ay acAq

12



Substituting in our formula for S(A, P, z), we obtain:

sura<n () -2 (3 )

aeA \ dP( a€A \ d,da|P(2)
aEAd ‘IEA[dl,dQ]
= Z Ady Ady Ay o)
dy,do<z
—x Y e ol S Rl ).
dy,da< f(ldv, do] ) dy,da < 1 o
1,252 1,252
dyda|P(2) dy,da | P(2)

using .

We look at the sum in our main term as a quadratic form in (A\g)a<.,
which we want to diagonalise and then minimise in order to finish the proof.
For that, we need to use the fact that for a multiplicative function f(-) and
two positive squarefree integers d; and ds,

f(ld1,ds]) f((dr,d2)) = f(dv)f(da2), (14)

which is similar to what we have used before. Using this and , we obtain

Ag A Ay A
2 T 2 s @)

2<Z d d <
d1 d2|P(Z) d1 d2|P( )
AW?Z
. fi(6
dy, d2<z f 5‘ (d1,d2)
dy 2| P(2
Ady A\d
SDINITIp ppec L
6<z dy,do<z
8| P(2) d1 d2|P(
0|(d1,d2)
)\ 2
- ¥ o X q)-
<z d<z f(d)
5|P(z) d|P(z)
é|d

Hence our quadratic form is reduced to the diagonal form

Z fl (5)’&?,

6<z
6| P(2)

13



under the linear transformation

*—_— Ad

d|P(z)
sld

which is invertible and by the dual Md&bius inversion formula we have

e ()

d|P(z)
sld
Bearing in mind our conditions on (\;), we have us = 0 for 6 > z and
> a<z p(d)ug = A = 1. Using this, we can write

d|P(z)

, po) \*, 1
S noni= 3 400 (w- 5iv) + g

6<z 0<z
5|P(2) 8|P(z)

from which we deduce that our quadratic form has a minimal value of 1/V(2),
which occurs when

_ n(9)
Us = 7 1700
fi(6)V(z)
since the coefficients appearing in the quadratic form, f(d), are positive by
multiplicativity of fi(-). O

2.3 Admissible sets

In Maynard’s paper, the main focus is on k-tuples of prime numbers of the
form {n+ hy,...,n+ hi}. He proves that there are infinitely many intervals
of finite length that contain k& primes.

This is something number theorist have been working on for a long time.
In 1849, de Polignac conjectured that for every positive even natural number
k there are infinitely many consecutive prime pairs {py,, pn+1} such that p, 1 —
pn = k. Zhang proved that this holds for some k < 7 x 107 and the result
is being constantly improved with the help of sieve theory and computer
programs. The case k = 2 is the famous twin prime conjecture.

We start by considering a set H = {hi, ..., hx} of natural numbers. For
each prime p we look at the set

Q(p) = {n (mod p) : n = —h; (mod p) for some h; € H}

of residue classes in H modulo p.

14



Definition 2.2 (Admissible set). We call a set H defined as above admissible
if, for every prime p, |Q(p)| < p.

Remark 7. We want our set H to generate k-tuples of primes of the form
{n+hi,...,n+ h}. Therefore, if Q(p) = p for some p, at least one of the
n+ h; would be congruent to 0 modulo p and therefore could not be a prime.

Remark 8. Given a set H, it is enough to check if it is admissible up to the
biggest prime less than or equal to k, since for a prime greater than k it is
impossible to cover all residue classes modulo said prime.

Example 2.1. The set H = {1, 3,5} is not admissible. We need to check for
primes less than or equal to 3: —1 = -3 = —-5=1 (mod 2), so Q(2) = {1},
however —1 = 2( mod 3), —3 = 0( mod 3) and —5 = 1( mod 3), so Q(3) =
{1,2,3}.

G. H. Hardy and J. E. Littlewood [3] stated the following conjecture
regarding k-tuples of primes:

Conjecture 2.8 (Hardy-Littlewood). Let H be an admissible set. Then
there exist infinitely many k-tuples of primes of the form {n+hy, ..., n+hy}
and in fact we can count them asymptotically:

X

#{n<x:n+hy,...,n+ hy all prime} ~ @(H)W,

where we define
oo T1(1- ") (1)) )

and we call it the singular series.

Remark 9. We can see that for £ = 1, the conjecture is equivalent to saying
that #{n < x : n+ h prime} ~ &({h})z/logz, and in this case |Q(p)| = 1
for all p, implying &({h}) = 1. Thus we get a restatement of the prime
number theorem, .

Given an admissible set H = {hy,...,h}, we can use Selberg’s sieving
technique to get an upper bound for the set

S={n:n+hy,...,n+ h all prime and n € [N,2N]},
for some large N, which will later become of interest to us. Let

P(n) == (n+hy)...(n+ hy). (16)

15



We want to use the same trick as the one in the Selberg sieve. To estimate
the size of our set S we need a function which is equal to 1 if all of the
n+hq,...,n+hy are prime and non-negative otherwise, to replace the Mobius
function. We define a sequence (A\;) with \; = 1 and Ay = 0 for d > R for

some R. Then )

EESY > M

N<n<2N \d|P(n)

as long as we fix R to be less than N. This is because if this holds, when
all of the n + h;’s are prime, the only non-zero term in the inner sum is for
d=1.

We want to extend Q(-) multiplicatively (similar to how we extended w(+)
multiplicatively in Subsection as n € Q(d) if and only if n € Q(p) for all
p | d. We can use the Chinese remainder theorem to show that this implies
(d)| = T1,j4 1©2(p)|. We follow the same steps as in the proof of to get

5| §x< S A dfl;;?m) +o(Z|Q<[d1,d2J>||Adl|rAd2|).

dl d2 <R dl 7d2

Note that, compared to (7)), there is an extra factor of |Q([d1, do])| appearing
both in the error term and in the main term. This is because if n € Q(d) for
some d, then so does n + d, so when we split the interval [V, 2N] into |x/d]
intervals of length d, each interval contains exactly |€2(d)| integers n € Q(d).

To minimise the main term, we know from [I4] that the best choice for

diagonalising )\, is
log R/d\ "
Mg~ u(d . 17
o= utd) (S (17)

With this choice, we get

|S| <O (Qkklﬁ(ﬂ)ﬁ) ,

which is a factor of 2% - k! away from the result stated in the conjecture.

2.4 Level of distribution of primes

We will now talk about primes in arithmetic progressions and we will state
the Bombieri-Vinogradov theorem.

We define 7(z; k, a) to be the number of primes p < x with p = a (mod k).
The definition makes sense only when a is coprime to k, as otherwise p would

16



be divisible by a and hence would not be a prime, unless a = p. Note that
the case k = 1 is simply m(x). The prime number theorem for primes in
progression states:

li(x)
o(k)’
where li(z) := [ log™" t dt. When k = 1, we get 7(z) ~ li(z) and it is known
that li(x) ~ z/log x, thus we get the prime number theorem.

Note that a does not appear in the right-hand side of , implying that
primes in arithmetic progressions are evenly distributed, i.e. an arithmetic
progression of the form a (mod k) contains asymptotically as many primes
as one of the form b (mod k) whenever a and b are coprime to k.

It is proven in [I5] that, for any fixed N > 0,

(18)

m(x; k,a) ~

li(x)
¢ (k)
holds for all > 2 and all integers k, a with (a,k) =1 and 1 < k < (logz)™

and ¢ is an absolute constant.
We now define the level of distribution of primes:

+ O(zexp (—cy/log z))

m(x; k,a) =

Definition 2.3 (Level of Distribution). Given 6 > 0, we say that primes
have level of distribution 6 if, for any A > 0, the following holds:

Z .- 7(x) x
(a,k)=1

m(w;k,a) — — =) <a (19)
k<zf

(k) (log z)4"
Under the Generalised Riemann hypothesis (GRH), it can be shown that

m(x)

m(z;k,a) = —= + O(z'*log z),

)= g HOTT s
so if we allow k to vary up to /2 and take the maximum over it, this implies
that primes have level of distribution 6 for § < 1/2.

Bombieri and Vinogradov validated this claim independently in 1965
without the use of the GRH, by proving the following theorem:

Theorem 2.9 (Bombieri-Vinogradov). For any A > 0 there ezists B =
B(A) > 0 such that

(20)

17



Remark 10. We allow k to vary up to x/2/(log x)” since we can find ¢ > 0
such that x'/27¢ < 2'/2/(log 2)? < 2!/2.

Remark 11. We are also taking the maximum over all y < z, which is an
improvement to our definition.

Their proof was based estimating certain L-functions in various rectangles
with the use of the large sieve method, which we quote from [I]:

Theorem 2.10 (The large sieve). Let A be a set of natural numbers lest
than or equal to x and let P be a set of primes. For every p € P suppose we
are given a set {wip, ..., Wep)pt of w(p) distinct residue classes modulo p.
Let z be a positive real number and define P(z) as we have before. We define
S(A,P, z) to be the number of elements of the set

{neA:n#w;,(mod p) V1 <i <w(p),Vp| P(2)}.

Then 2\
S(AP,2) < ’z;(—z)”
where
L(z) =3 @] )
o i w(p)

It was conjectured by Elliott and Halberstam [3] that primes have level
of distribution 0 for § < 1, while Friedlander and Granville [5] proved that
does not hold if we replace ¢ with x/(logz)? for any fixed B, like the
result obtained in Theorem [2.9]

We can also define an equivalent of the function (-) for primes in pro-
gressions, by

I (yiq.a) = > @(n), (21)

y<n<2y
n=a mod ¢q

where we define w(n) to be equal to logn if n is a prime and 0 otherwise. It
can be shown that is equivalent to

(22)

Yy
¢<q>‘ < Tog o)A

3 The Goldston—Pintz—Yildirim theorem

As we mentioned in the Introduction, Goldston et al. use a variation of
Selberg’s sieve to prove the following theorem:
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Theorem 3.1 (GPY).

lim inf Prt1 = Pn _ 0.
n—oo  logpy

This shows that there are infinitely many consecutive primes that have
an arbitrarily small gap between them, compared to the average gap implied
by . We will now highlight some of the ideas in their proof.

Proof of Theorem[3.1. We start by introducing some basic notation.
Let N be a parameter that increases monotonically to infinity and we fix
H and R such that

H < log N < log R <logN.

By k and [ we denote arbitrary positive integers that are bounded.

Remark 12. We will see later on that the condition that £ and [ are chosen
arbitrarily is crucial, because the correct choice enables us to complete the
proof.

Let H = {hq, ..., hi} be an admissible set defined as before and we impose
on it the condition that H C [1, H]. We next define a sequence (Ag(d;a)) in

a similar way to , by

0 if d > R,
Ar(dia) = { 1u(d) (log B)" i d < R.

Our first aim is to evaluate the quantity

2

> > An(dk+1) (23)

N<n<2N \neQ(d)

Note that n € Q(d) <= d | P(n) with P(n) defined as in (L6]). We let
Ar(ni M, a) == 37, o Ar(d; a) and we claim that the following holds:

Lemma 3.2. With the above notation, for R < NY/2/(log N), where C' > 0
depends only on k and [,

&(H) (2
E A . . 2 _ _M\'M) k+21
N<n<2N

+ O(N(log N)*(loglog N)°),

with (M) defined as in (15)).
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Sketch of proof of Lemma(3.3. We can expand the square in and write
our quantity as

NT+O<<Z|Q ||Ade+z>|))

with [y, ]
T=> L d:’d; Ar(dy; k + DAg(dyk +1).
di,da

To estimate the error term, note that if d is a squarefree integer which
can be written as the product of m distinct primes, we have that 7(d) =
k™, where 7(-) is the generalised divisor function, 7(n) = [{(a1,...,ax) :
aj...a = n}|. Then, since |H| = k and we require |2(p)| to be less than k
be definition, we have

Q)| = [Qp1)| - - - [Q(pm)]| < k™ = 7i(d).
We have -
SOED IR

ns

n=1
We can then use Perron’s discontinuous integral and the Leibniz rule for
differentiation to get

ZTk —log g?)'_l + O(z(log z)"7?),

hence we can write our error term as

((Zm ) log ( )“>2> = O((R(log R)*(log R)*)?)

= O(R*(log R)°). (24)

n<x

To estimate the main term, we use contour integration along cleverly
chosen vertical lines. We concentrate on the main ideas and ignore the error
terms. First, note that we can write

An(d: a) = % /( ) (%)S Sffl, (25)

as long as a > 1, where by («) we denote the vertical line passing through «
in the complex plane. We use this to write 7 as

1 S1+S2
— W /(1) /(1) F(Sl, S92, Q)stldSQ, (26)
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with
2([d1, do))|
F<Sl) 523 Q) - Z M(dl),u(dg) [d d 1]d812d82’
di,da bR

which can also be written as

Q 1 1 1
F(ShS?;Q) :H (1_|;fp)’ (E_’_]E_psl-‘r@))’

p

in the region of absolute convergence. We then let

C(s1+ 1)C(s2 + 1))’“
C(Sl + S9 + 1) ’

G(s1,592; ) := F(s1,592; Q) (

which is regular and bounded for R(s;), R(s2) > —1/2.
We get the singular series in the main term from

G(0,0;0) =[] <1 - M) (1 - 1) B = B(H),

» p p

by definition.

We have G(si,592;Q) = Ofexp (d(log N)"*? logloglog N)), with ¢ :=
min(R(sy1), R(s2),0), which we obtain by writing out log G(s1, so; Q) explic-
itly.

We can use G(-) to estimate 7 by shifting both contours in (2€]). We let
U = exp (y/log N) and we shift the s;-contour to the vertical line cq(log U) ™'+
it and the sy-contour to co(2log U)~! +it, where ¢t € R and ¢y is a sufficiently
small positive constant. Next, we truncate the contours to |t| < U and
[t| < U/2 and we denote the results by L; and Ly. With these choices
becomes

d81d82

_ 1 : C(s1+s2+1) \* Rute
T =Gy / , oo (<<81 (e 1)) (a2

+ O(exp(—cy/log N)).

We then shift the s;-contour to L3 = —co(logU) ™! + it, for [¢t| < U and we

encounter a pole of order [ + 1 at s; = 0 and a pole of order k at s; = —ss.
We use Cauchy’s residue theorem to bound Res asymptotically and obtain
S1=—589
1
T=— {Res} dsy + O((log N)E+=12(1og log N)©), (27)
2mi Jp, (51=0
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for some constant c. In order to estimate this, we define

(514 82)C(s1 + 52 + 1))k

Z(s1,82) = G(s1,52:9) ( $1C(s1 + 1)C(se + 1)

which is regular and bounded in a neighbourhood of the point (0,0), since
G(+) is regular in that area, while the poles of ((s;+ 1) and the zeros given by
s; at s; = 0 cancel each other in the denominator. Cauchy’s residue formula

gives us
Rsz 9\ Z(s1,
Res = l+1 < ) {(SI—SQLR&}.
s1=0 88 —0 (51 + Sg)
We substitute this into and we shift the contour to Ly = —co(logU) ™! +
it, for |t| < U/2, Which gives us an error term of size O(exp (—cy/log N))

again. We have a new pole at s; = 0 and we use Cauchy’s residue formula
to obtain

T = Res Res + O((log N)+h)

s1=0 s2=0

31732 RS1+82 .
(2mi)? /02 /01 Ve(s18) 1 s1dsg + O((log N)*™), (28)

81+82

where we denote by C} and Cs the circles |s1| = p and |sa| = 2p, respectively,
where p > 0 is chosen to be small. We write s; = s and sy = £s and substitute
into the main term of to obtain

S 55 Rs &+1)
o 5_{_ 1 k£l+18k+2l+1

dsdé + O((log N)*),

C3

where Cj is the circle | = 2|. We first evaluate

1 VA s(€+1)
oL / (5, QR
C

271 8k+2l+1

By Cauchy’s integral formula, we have

1 a k+21
R (—) (Z(s,€5) RED),
(k+20)!'\0s ) .,

We note that

OmZ(s,&s)
Os™m

271 smtl

! Z
= i/ (s, éms)ds = O((loglog N)°),
(0,6
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where C'(0,0) is the circle centered at 0 of radius ¢ and we obtain the asymp-
totic by choosing § = 1/(loglog N). On the other hand,

8mRs(§+1)

| = Oog R

s=0
and we can use Leibniz’ rule for differentiation to obtain

(g Ry [ (€ 2% e + O((108 N~ 1oglog V).
)! Cs

" 2mi(k + 21 gl
(2
- ()

We estimate the integral

1, L/ (£+1>2ld€_1xal(£+1>2l
C

~ 5 I+1 T 1
omi Jo, € Il ¢ |,
We obtain
&(H) (21 % _
— N\ 1 +21 1 N k+20—1 1 1 N)¢ )
7= i () o R 4 Oog N2 Y loglog N)7) (20

Observe that the estimate we obtained in gets absorbed into the
error term given by when we multiply through by N, because of the
initial conditions imposed on R and N. Hence, the proof is complete. O

We next want to introduce weights for primes in our calculations. We
define the function @w(-) to be w(n) := logn for n prime, and 0 otherwise.
We now want to evaluate the quantity

> @+ h)Ap(n;H E+ 1), (30)
N<n<2N
where h is an arbitrary positive integer less than or equal to H. We claim
that the following holds.

Lemma 3.3. Suppose that the following assumption holds: There exists an
absolute constant 0 < 0 < 1 such that, for any fixed A > 0, holds. Then,
with the notation from Subsection 2.4, for R < N°2, we have

> @+ h)Ag(n;H, k+1)°
C BHURY) (2
e
+ O(N(log N)*2=1(log log N)°) if h & H,

G(H)  (20+1) 241
(k+2l+1)!< I+1 >N<1°gR)k+ "

|+ O(N(log N)*"?(loglog N)°) if h € H.
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Sketch of proof of Lemma([3.3 First, note that we may assume that h & H
since the factor (n + h) does not affect the computation of Ag(n;H;k + 1).
Then, let §(z) = 1 if x = 1 and 0 otherwise. As before, we expand the square

and write as

> Ar(dik+DAr(do; k+0)x > 6((b+h, [dy, da]))0"(N;b+h, [di, do)),
dy,d2 beﬂ([dl,dg])

with an error term of size O(R?*(log N)¢), which we can obtain in the same

way as (24). Note that we introduced the function 6(-) in the inner sum

because 9*(N;b + h,[dy,ds]) = 0 when b+ h and [d;, ds] are not coprime.
We now use this and to write our quantity as

) N
NT+0 (<1ogN>A/3)’

where

Ar(dik + DAr(dis k +1)
T = X 5((b+ h,[dy,ds])).
gdzg ¢([d, da)) bGQ([Zdl:,dz]) (( [dy, da]))

We obtain the error term by comparing Q(-) to the generalised divisor func-
tion 7 (-) again.
To evaluate the main term, we write the inner sum in the expression of

T* as

IT (> s@+np)| =TI (10°@I-0),

plld1,d2] \b€Q(p) pl[d1,d2]

where Q7 (+) is defined to be the function (-) for the set H U {h}. This is
because §((b+ h,p)) =0 <= —h € Q(p), meaning that §((b + h,p)) =1
for each residue class from H except for one.

We use again to get
. RS1+82
2772 / / F*(s1,59; (3132)’““*1 ——————ds1dsy,

Qt(p)| —1
F*(Sl, So: Q) — Z M<d1)u(d2)npq[5d(l[§21] <(|12])a(gl)cli§2 >a

dy,d2

with

We can write F*(-) equivalently as

) | tp)|—-1/1 1 1
F(SbSQ,Q):H(l_pT ]E—F]E_psl"’” )

p

24



in the same region of absolute convergence as that of F'.
We define

C(s1+1)¢(s2 + 1))k

G*(s1,82; Q) = F*(s1, $2; Q) ( CEEY

and we consider two cases, according to whether h & H or h € H.
If h ¢ H, for p > H we have |Q"(p)| = k+ 1. If H' is admissible, we
have, as before, G*(0,0; ) = &(H™T), and we can estimate

"
T = (f(rgl; (2ll> (log R)**? 4 O((log N)***~(loglog N)°).

On the other hand, if H* is not admissible, we have &(H™*) = 0 and the
main term in the previous estimate vanishes, while the error term remains
the same.

If h € H, the above calculations hold with the translation k£ +— k— 1,1 —
[ + 1. This is because for a prime p > H, |Q%(p)| is equal to k instead of
k+1and (k—1)+ (I +1) =k +[. Hence, the proof is complete. O

We are now ready to bring everything together. We want to evaluate the
expression

Z Z (Z (n+h)— 10g3N>><AR(n;H,k;+l)2, (31)

HC[1,H] N<n<2N \h<H
[H|=k

We want to prove that it is positive for sufficiently large IV, using Lemmata
and , so we set R = N%2_ If this turns out to be true, then the inner
sum must be positive, meaning that there exists an integer n € (N, 2N] such
that

Z w(n+ h) —log3N > 0.

h<H
This in turns implies that there exists a subinterval of length H in (N,2N+H|
which contains at least two primes. That is because, if there are no primes,
then the sum takes a negative value and if there is only one prime p, say,
occurring in the interval, then we have

logp —log3N < log (2N + H) — log 3N.

We know from our initial conditions that H < log N < N,so 2N+ H < 3H,
making our expression negative. If, however, there were at least two primes
in the subinterval, we would have

min ~ (pr41 —pr) < H. (32)

N<pr<2N+H
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In order to prove that is positive, we need to quote the following
result from [6]:

> B(H) = (1+o(1)H, (33)
HC[L,H]

|H|=F

as H tends to infinity. Using this and Lemma , becomes

D> D Dy xwn+h)Ag(ni Mk + 1)

HC[L,H] N<n<2N | h<H h<H
|H|=k hgH — heH

1 21
~ (k+ 2! ( I )NHk(log N)(log R)**? 4+ o(N H*(log N)F+2+1),

Using Lemma and again, this is asymptotically equal to

1 21
- NHk+1 loo R k+21
(k;+2l)!<l) (log 7)

k (2([ +1)

A S

1 21

ko 2020+ 1)
—H : log R — log N
{ Trrairl g1 esltoles }

1 21
- NHkl R k+2l‘
% (k+21)!<l) (log )

So is positive as long as

)NHk(log R)k+2l+1

S l4e- k ‘2(21—1—1)‘9
log N kE+20+1 [+1 2

for any ¢ > 0. If we choose [ = |v/k], it is enough to require

> 1 —26.
log N T

By Bombieri-Vinogradov theorem, we can take § = 1/2 — € for any € > 0, so
we want

H > 1+ 1+2
log N — c “
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Choose € = ¢ to get that we need

H
> 3e. 34
log N — © (34)
Going back to , we have
T - Pr . T — Pr H
mi Prox =P oy Pt TP < , (35)
N<p,<2N+H logp, N<p,<2N+H log N log N

We know from our initial conditions that H = O(log V), so we can pick any
d > 0 and pick H = §log N. Then, choose ¢ = §/3, so that holds. Also,

becomes

. Pr41 — Pr
min ——— <,
N<p,<2N+H log N

which in turn proves the theorem.
O

Furthermore, under the Elliott—Halberstam conjecture, Goldston et al.
use the admissible 6-tuple {7,11,13,17,19, 23} to show

liminf(p,y1 — pn) <23 — 7= 16.

n—

4 The Maynard theorems

We now look at Maynard’s work, which revolves around the following con-
jecture:

Conjecture 4.1 (Prime k-tuples conjecture). Let H = {hq,...,hi} be ad-
missible.  Then there are infinitely many integers n such that all of n +
hi,...,n+ hg are prime.

He proves the following theorems:

Theorem 4.2.
4m

lim inf(pym — pn) <K m’e
holds for any integer m.

This shows that there are infinitely many intervals of finite length that
contain at least m + 1 primes.
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Theorem 4.3. Let m € N. Let r € N be sufficiently large depending on m,
and let of = {ay,aq9,...,a,} be a set of r distinct integers. Then

#{{h1,...,hn} C o . forinfinitely many n all of n + h; are prime}
#{{h1,...,hn} C o}

In other words, a positive proportion of admissible m-tuples satisfy the
prime m-tuple conjecture for every m.

Theorem 4.4. We have

>, L.

lim inf(p,+1 — pn) < 600.

We note that the proof of this last theorem is based on the Bombieri—
Vinogradov theorem, namely on the fact that primes have level of distribution
0 for every 0 < 6 < 1/2. If, however, we assume that primes have level of
distribution 6 for every 6 < 1, we can prove the following:

Theorem 4.5. Under the assumption that primes have level of distribution
0 for every 8 < 1, we have

liminf(p,.1 — pn) < 12,
lim inf(p,12 — pn) < 600.

To prove these results, Maynard uses an improved GPY sieve method,
by looking at the following setting: fix £ > 0 and fix an admissible set
H ={hi,..., hy} of size k. Consider the quantity

S(N.p)= > (Z xe(n + hi) — p) Wn, (36)

N<n<2N \i=1

where xp(-) is the characteristic function of the primes, i.e. xp(n) = 1 if
n is prime and 0 otherwise, p > 0 and w, are non-negative weights. As in
Theorem [3.1], we want to prove that this quantity is positive. In that case, at
least one term in the sum over n must be positive. Since w,, is positive, we
must have that at least | p+ 1] of the n+ h; are prime. So, as we let N — o0,
we get that there are infinitely many bounded length intervals containing
|p+ 1] primes (bounded by maxy |hgl).

Unlike the weights Agr(n;H,a) used in Theorem [3.1] we consider our
weights to be of the form

2

Wy, = Z Ndy,dy, | (37)

28



We will choose our Ay, .. 4, to look like

.....

k
Ny ooy = (H,u(dz)> fldy, ..., dy),

=1

for a suitable smooth function f(-), which is a multi-dimensional generalisa-
tion of our choice for Ag(d;a) in the previous section.

We begin by introducing some notation. For convenience, we choose our
weights w,, to be 0 unless n = vy (mod W), where vy is a fixed residue class
(mod W), and W =[] ., p, where it suffices to choose

Dy = logloglog N.

Then,
log W =) " logp = (Dy),

p<Do
which, by calculations in [1] (p.8), is O(Dy). Hence, W = O(loglog N).
Since H is admissible, we can choose vy such that vy + h; is coprime to W,
by applying the Chinese remainder theorem to the primes dividing V.
When n = vy (mod W), we define our weights as in ([37)).
In order to estimate S(N, p), we look at the following two sums

2

= 1yeeey k )
S, Z Z Ady,...d (38)

N<n<2N d;|n+h;Vi
n=vg (mod W)

Sy = Z (Z X]P’(n + hz)) Z /\d1 ----- d ) (39)

N<n<2N i=1 di|nthiVi
n=vg (mod W)

as we did with and in Theorem .

4.1 Main proposition
We aim to prove the following:

Proposition 4.6. Let the primes have level of distribution 6 > 0 and let

-----

k k 2
(I iy i) <1Og T log T’k)
A 1oy == 12 dl dl ! F ey s
di,....dy, (H () ) . Hle o(r;) log R log R




.....

be supported on Ry, = {(x1,...,x) € 0,1 : S8 2, < 1}. Then we have
(1+0(1))p(W)* N (log R)*

S = Wkt L,(F),
g, _ (L oSV N log R)H G~y -
27 Wktllog N Z v (F)
m=1

provided Iy (F) # 0 and J,im)(F) # 0 for each m, where

1 1
Ik(F):/o /0 F(ty, ... tp)%dty ... dty,

1 1 1 2

Remark 13. Note that in the expressions for S; and S5 there is no dependency
on the actual elements of the admissible set H, only on its size, whereas in
Lemma [3.2] and Lemma [3.3] the singular series appears in the main term,
which clearly depends on the h;’s.

4.1.1 Selberg sieve manipulations

Our aim is to introduce a change of variables to rewrite S; and S, in a simpler
form.

We restrict the support of A4, . 4, to tuples for which the product d :=
Hle d; is less than R, similarly to how we had Ag(d;a) = 0 for d > R in
the previous section. We also demand (d, W) = 1 and u(d)? = 1, implying
that d is squarefree and so (d;,d;) = 1 for all i # j. We want to prove the
following lemma:

Lemma 4.7. Let

.........

2 2 k
Sl — E ym ..... Tl ) + O <ymazN(lOg R) ) . (40)




Remark 14. This change of variables is a multi-dimensional generalisation
of the change of variables (9) we performed on the quadratic form (Ag) in
Subsection 2.2

Proof. We expand the square and swap the order of summation in (38) to

obtain
Sy = E Adlv---vdk)\elv---yek E : L.
di,...,d N<n<2N
€1,...,€L n=ro (mod W)

[ds,ei]|n+h;Vi

We can use the Chinese remainder theorem again, this time to write the
inner sum as a sum over a single residue class modulo ¢ = W [, [d;, ei],
as long as W, [dy, e1], ..., [dg, e] are pairwise coprime. In that case, we have
that the inner sum is N/q + O(1). If W, [dy,e1], ..., [dk, ex] are not pairwise
coprime, then the inner sum has no contribution: suppose some [d;, ;] has a
common factor a # 1, say, with W. Then a | n+ h; and n — vy = 0 (mod a),
implying a | n — . So a | h; + v, contradicting the coprimality condition
between W and h; 4+ 1. On the other hand, if some [d;, ;] and [d;, e;] have
a common factor b # 1, say, then n + h; and n + h; are both divisible by b,
contradicting the fact that they are distinct primes. Hence, we have

N /)\d d )\e ..e !
g - L@k €l () A 1o )\61 s )
= 2 [T, [di, e ( 2 e ’k|>

d1,...,dg dy,..,dg
€1,..5€k €1,-.,ek
/ . . . .
where Y denotes the coprimality restriction on W, [dy,e1], ..., [dx,ex]. We

. k .
know Ag, . 4, is non-zero only when [[,_, d; < R, so if we denote by Apax =
SUPg, . 4, |Adi,...d, |, We can estimate the error term as

O (Afm (Z Tk(d)> ) = O(\ax P (log R)**72), (41)

d<R
by the exact same argument as in Section [3.1]
To deal with the main term, we want to remove the dependencies between

the d; and the e; variables. We start by using once again the fact that
[di, €;](di, €;) = die; and that )5, ¢(d) = d to write

1 1
[diaei] - d;e; Z ¢(u2)7

u;ld;,e;

so that our main term becomes

N k \ \
7w gb(uz)) ! di,....dg\e1,....ex ‘
v <H A e

€1:5€k
wi|(d;,e;)Vi
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We know that A4, 4 is non-zero only when (W, Hle d;) = 1, so we may
drop from the summation the requirement that W is coprime to each [d;, e;],
and we also know that we can assume that the d; (and the e;) are all pairwise
coprime for the same reason. Thus we are only left with the condition that
(di,e;) =1 for all i # j, which we can remove by multiplying our expression
by D s, idie;) MSi), since () holds. Our main term then becomes

k
al /\d d /\e e
FY (Mew) ¥ (T sew) 3 e
|14 Uy s Uk <i21 81,258k, k—1  \ 1<4,5<k dy,....dj (Hi:l dl)(Hz:l 6i)
i#j €1,..-,€k
wi|(di,ei)Vi
si,51(ds,e5)Vis

We can restrict the s; ; to be coprime to u; and u; because otherwise one of the
pairs {d;, d;},{e;, e;} would have a common factor, making the corresponding
A vanish. By a similar argument, we can restrict our sum so that s;; is
coprime to s;, and s ; for all @ # j and b # i. We denote the summation
over the s; ; with these restrictions by Y.~

We now want to introduce a change of variables, which will make it easier
for us to diagonalise our quadratic form.

Yryeyrey = (H,LL(Tl)Qb(’I“l)) Z % (42)

di,..,dp L 11=
ri|d;Vi

This change of variables is in fact invertible, since
y d A
T1 ey ke €1,..,€k
s ) 3 e
> e T () T

T1yeensTk T1oTk \i=1 e1,...ex L1li=1 %
d;|riVi di|r;Vi 7’1‘62 i

- X e 3 L

e1,...,ek i=1Ci 1, =1
d;|r;Vi
rile;Vi

We take a closer look at the inner sum. We have

ZIIIM% > ]iu(%)mm>

----- Tk =1 T15--5Tk =
di\rm (ri/di)|(ei/ds)Vi
rile;Vi
k k k
=TTut@) > TJwtm)= H
i=1 M1y M =1 i=1 =1 m;|n;Vi
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where we let m; to be r;/d; and n; to be e;/d;. The inner product is equal to
1 if n; = 1 for all « and 0 otherwise, or in other words it is equal to 1 when
e; = d; and 0 otherwise. Thus, we obtain

Yry,..., T )\d ..... d
Z k1 kl _ 1 k (43)

since 1/p(n) = pu(n) holds for all n.
Since 7; | d; for all 4, bearing in mind our conditions on the d;, we have
,,,,, r. are non-zero only when the following conditions hold: the r; are
pairwise coprime, (r;, W) = 1 for all ¢ and Hle r; < R.
We now want to bound A, asymptotically as a function of yy.x, Where

..........

that |u(-)] = p?(+), u(n)? = 1 if n is squarefree and 0 otherwise and that
n=>3 4, ¢d) < n=2¢n)3_,,1/¢(e) to write

Moo € SUD (H dz‘) 2 <H /;%)

i dy,....dg LTk i=1
i—1 d; squarefree d;|r;Vi
k
Hi:l ri<R

d p(r)7(r)
St R (Hqs(di)) X T

T’<R/ H?:l di
(r,JTF, di)=1

g sup 3 AT s )

d
L #(d) r<R/TIE, d; o)
(rITi, di)=1
p1(w)? 7. (u)
S Ymax Z - /7 N
= ou)

where in the last line we took u = dr and used the fact that 7,(dr) > 7(r)
by definition. We now take a closer look at the inner sum without the
Mobius function. We know from the previous section that ) _p7u(u) ~
¢ R(log R)*!, for some constant c. We have

1 1 Flogt —1
Z Te(u) log u ~ ¢ R(log R)kil—OgR +/ - —c t(logt)*'dt
u<R u R 2 t

R
1
< c (log R)* + c/ %t(log ) Ldt

2
< c (log R)* + ¢ (log R)*.
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We have ¢(u) = u[],,(1 —p~') and so

1 1 1
- = 1—p )t - 1 -1
() UH( p) <<“g( +p)
1 1 1 1
=227 2 A< pulogu,
dlu dlu

Where in the last step we used the following theorem from [2]:

:Zd<<ulogu. (44)
dlu

So 1/¢(u) < logu/u and

Z 7;((5; < Z —Tk(u)ulogu < (log R)**1.

u<R

Therefore, the error term given by is O(y2 . R*(log N)*).
We use this and we substitute our change of variables into the main
term to obtain

S = Z <H¢u> > ( 11 M(Sm‘))

UL,y 81,2,k k—1 \ 1<4,5<k
i#]
k
% p(aq)p(b;)
il o(bi)olag) )7

where a; = u; [, ; s;: and b; = u; [, ; si ;. We bear in mind that we have
restricted the s; ; to be coprime to all the other terms in the expressions for
a; and b;. By definition, the y are equal to 0 when the a; and the b; are not
squarefree, so we can write u(a;) = p(u;) [[;,;(s;:), and the same holds for
o(a;), p(bj) and ¢(b;). Therefore, we can write

N . u;)?
s, — e Z (H l;((uz)) ) ) Z <1<1;[<k¢ )ym ,,,,, ap¥br,...by

5Sk,k—1

+ O (Ymax [ (log R)™). (45)

Bearing in mind the coprimality conditions between the a; and b; and W,
we have that the s; ; must be coprime to W, otherwise the y vanish. Since
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W = [l,.p, p, we only need to consider s;; = 1 or s;; > Dy. When the
latter holds, the contribution from the main term in (45 is

ymax (ZM )2><Z/ub >( ,lLi)__’ (46)

where we note that the last term appears because we have k(k — 1) choices
for the pair (4, j) inside the innermost product of . We now look at each
sum separately. The last sum is a convergent series (and so it is O(1)), since
we know from [2] that the following holds

a(n)p(n) 1 o(n)> _ n*(logn)® (logn>2

1
- < = <4
2~  n? ¢(n)2 — nt < n* n

where in the last step we used .
We now estimate the middle factor in , using Chen’s result again:

u 1 o(n)?
<> o(n)? <4, VI (47)

n>Dg n>Dg

We know from Ramanujan’s Identity (1.2.9 in [11]) with @ = b =1 that

—o(n)® _ ¢(s)¢(s —1)%C(s — 2)
Z ns C(2s —2) '

n=1

The right-hand side has a pole of order 1 at s = 3, so by the Tauberian
theorem,

Ax) = Za(n)2 ~ cx®,

n<x

for some constant c. We can now use summation by parts in to obtain

) (400 MDY [ A0,

1/ c d 21

4\ M Dy t
By letting M — oo, we obtain that the middle factor in is O(1/Dy).
Next, we want to prove:

Do
M

Do

Z “ (MV/V) log R. (48)

u<R
(u,W)=1

35



First, we note that the p(-) in the numerator ensures we are working with
squarefree u’s. We then look at:
=X sw

u<R
(u,W)=1

Given that ¢(u) = u]],,(1 - p~!) holds for any u, we get

- > (Y -n0-)sa(-l)

(uum</§“3 . plu plW u<R plu

The first product in the right-hand side of is precisely ¢(W)/W and
what is left is >, _,u/é(u) . It is proved by Murty (4.4.12 in [11]) that:

2%@5<R'

So we have shown:

o)

AR) < M/)}i (50)

We now do the summation by parts:

> Hoe
u<Ri d) ) u<hit ¢(U) u
(u,W)=1 (u,W)=1

R
1 A(t)
:Emm+/77@

Using (50)), the first term of the sum becomes O(1) and is dominated by the
second one, which is:

ToW)t . o(W) (1 (W)

Bringing everything together, can be estimated as
o (Mt s 1)

Wk+1Dg
Going back to our main estimate, we are left to consider the case when
s;; = 1 forall ¢ # j. We have a; = b; and the u; are squarefree, so w(u)? = 1.
Therefore
N5 s o1V N o
Wk+1DO

+ g2 R (log ) ) (51)

77777
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We have R = N?279 g0 R? = N920 < N2 gince 0 < # < 1. We also
have ¢(W)/W < 1 and

W =exp(¥(Dy)) = W > exp(clogloglog N) = (loglog N¢),

where to obtain the inequality we used that #(n) < 2nlog2 (for proof see p.8
in [I]). So the first error term dominates. Since ¢(W)/W < 1, the lemma is

proved. O
We now want to estimate for Sy. We write Sy = st,:l Sém), where
2
Sém) = Z X]P(TL + hm) < Z )\d1 77777 dk) . (52)
N<n<2N dy,...,dy
n=vg (mod W) d;|n+h;Vi

We want to estimate S;m) in a similar way to how we estimated S;. We prove
the following lemma:

Lemma 4.8. Let

yfjl")rk = (HM(H)Q(W)) Z %7 (53)

.........

(m) . )2

m N (yT' ,,,,,
Sé '= Z P
T1yeees T Hi:l g(r’ﬁ)

fusx) *6 (V)2 (log N)*~ sV
+0<<y )(b(WL_IDO( 2 ) >+0((igN)A>. (54)

Proof. We expand the square and swap the order of summation in to

obtain
Sém) = Z )‘d1 ----- dy )‘61 ----- e Z XIP’(” + hm)
di,...,dy N<n<2N
€1se5Ck n=vy (mod W)

[di ,ei] |n+hiVi

As before, we can write the inner sum as a sum over a single residue class
modulo ¢ = Wi, [ds, e, as long as W, [dy,e1], ..., [dx, ex] are pairwise
coprime. If either one pair of W, [dy,e1],. .., [dk, ex] have a common factor,
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then the inner sum has no contribution for the same reasons as in the previous
lemma. In that case, we will have a contribution in the inner sum only when
n+h,, is prime, i.e. when it will lie in a residue class coprime to the modulus.
This happens if and only if d,, = e,,, = 1. The inner sum will then contribute
Xn/é(q) + O(E(N,q)), where

E(N,q) =1+ sup

(a,9)=1

9

1
Z XP(”)—M Z xe(n)

N<n<2N N<n<2N
n=a (mod q)

is an alternative definition for the level of distribution of primes and

XN: Z X[p:(ﬂ)

N<n<2N
Therefore we have
m XN )\d od /\e e
Sim = LGy ) | Adiodi Aerser [ E(N, q) |
(’ZS(W) th-,dk Hi:l ¢<[dl’el]) dl,Z.,dk 1 o )
€1,...,Ek €1,...,€k

em=dm=1

with ¢ = W TE, [ds, e

We now estimate the error term. We know that the Ay, g4, are non-
zero only when ¢ < WR2 Then, given a squarefree integer r, we have
at most 73x(r) choices of dy,...,d,eq,...,e; for which WHle[di, e =,
since [d;, e;] depends on d;,e; and (d;,e;). We use this and the fact that
Amax < Ymax l0g RFF! to estimate the error term as

< Ymax 10g R2k+2 Z ,U(T)Q’Tgk (T)E(N, 7’).
r<RZW

Note that the Mobius function ensures we are working with squarefree r.
We have the trivial bound E(N,r) < N/¢(q) and we also assumed that
the primes have level of distribution 6, so we can use the Cauchy-Schwarz
inequality to obtain the estimate the error term as

1/2 1/2
<<yﬁlax(logR)2’“”< > N<T)2T§k(r)%> ( > u(r)2E(N,T)> ,

r<R2W r<R2W

which gives an error term of size O(y2,, N/ (log N)?) for any fixed A > 0.
To estimate the main term, we remove the condition (d;,e;) = 1 by
multiplying our expression by Zsul( dive;) (s ), like we did in the previous
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proof. We can again restrict s; ; to be coprime to wu;, u;, s;, and s;; for all
a # j and b # i. We denote by >_" the summation with these restrictions.
Next, we claim that

1 1
e ~ s@ae) 2 9

ug|(dseq)

where g(+) is the totally multiplicative function defined on primes by g(p) =

p—2. Using (14)), we know that ¢([d, e]) = ¢(d)¢p(e)/d((d, e)), for squarefree
d and e. We are left to show that

=> g(u)
ulc

for squarefree c. Since Euler’s totient function is multiplicative, it is enough
to check that this is true when c¢ is a prime. Indeed, ¢(p) = p — 1, while the
right-hand side is equal to 1 + (p — 2).

Our main term becomes

* o )\dl ..... dk>\el ..... e .
..... uk@g " ) Z(““ )Z (TT, 6(d) ([T, ()

54,5 |(dise;)ViFt]

dm=em=1

Let

k
A
(m) _ di,...,dg
yr ..... [ M(TJQ(TJ) 7.
1 ' (H d1§ik Hf:1 ¢(dz)
ri|d;Vi

dm=1
Since d,, = 1 and 7, | dp, 7, must be equal to 1. We substitute this into
our estimate to obtain

pulu “ Sw m )
¢ < ) Z ( H > a1 ..... akybl ,,,,, by’
""" 81,2538k, k—1 1<s ]<k

i#]

where a; = u; Hi#j s;; and b; = u; H#j sij. As before, the y are equal
to 0 when the a; and the b; are not squarefree, so we can write u(a;) =
p1(u;) [Tiz;(85.4), and the same holds for ¢(a;), u(b;) and ¢(b;).

Again, we consider the two cases of s;; = 1 and s;; > Dy. When the
latter holds, we get a contribution which is

(yfnax pu(u)? o u u 5)° e
<< W)log N g(u) Z g(s)2 ]~ (55)

s3,;>Do
uW) 1
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We have, for squarefree n, g(n) = n]],, (1 —2/p)~". We consider, again for
squarefree n, the Dirichlet series

1 1 1
=3 5w~ 53)

n<z

We then look at the quotient

N ) (B (==

The Corresponding Dirichelt series is

P =pp—2) -1 2p° —1 1
Z 2.s+1 p 2) _zp:p2s+2(1_2p1) <<Z s+27

o P

which converges for R(s) > —1. Thus we may write f(s) = ((s + 1)h(s), or
equivalently f(s—1) = ((s)h(s— 1), with h(s— 1) regular for f(s) > 0. The
Tauberian theorem gives

S e

= g(n)

and we can apply similar calculations to the ones in the previous lemma to
obtain estimates for the last term of . We obtain that is

(yisik) 26 (W)* 2N (log R)*~!
Wk=1Dylog N ’

where we have bounded Xy by N/log N, since Xy = 7(2N) — 7n(N) =
Xn = N/log N + O(N/(log N)?). When s; ; = 1, we obtain

<

X (&™) )
gm) _ 2N Nuayu)
(i) 20(W)* 2N (log R)*~2 Y N
+0 ( WD, +0 Tog N)A ) (56)

since log R/log N = 0/2 — 6 < 1. We apply our estimate of Xy to this and
obtain an error term of size

k—1 m
(i) Z MU < ()*6(W)* 2N (log R)* 2
d(W)(log N)2 Wh=t ’

<

where we used the fact that we can estimate the inner sum as O(¢(W)/W x
log R) the same way we obtained and that R = N%?79 again. This is
absorbed by the first error term in , which completes the proof. ]
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We now want to relate our variables yrl ™)

.....

Lemma [4.7] We prove the following lemma:
Lemma 4.9. Ifr,, =1 then

Yr1 e Pin—1,@m P 1 5o Tk ymaxd)( ) log R)
+ O .
Z Qb(am) ( WDy

Proof. We start by substituting into and we assume that r,, = 1.
We have

tou(d)d; Yar.an
ym = (Hu g n) > (H A )az —Hf:1¢( 5

77777

.....

- ai,...,ax F d;)d;
y’l(jln)?“k - (Hﬂ(n)g(h)) Z m dl;ik ( Mq(ﬁ(dz) )

Ti ‘ai ? d; |CL,L',7‘,L' ‘d,LVl
dm=1

We evaluate the sum over the d variables explicitly. We want to prove the

following:
PRI &

dy...dp =1 i#Em
dilag,ri|d;

m=

We consider the 1-dim case of and prove that instead. The result follows
by induction:

p(d)d _ pla)r
250 o) o)

r|d

We see that the condition r | d | a is equivalent to d/r | a/r and we relabel
d/r = s. Using this and the multiplicativity of the Mobius and of the Euler
totient functions, becomes:

u(s)ulr)sr p(s)s p(r)r  playr
2 50 = L0 e e
and by separating the terms inside the sum that do not depend on s we get
pls)s _ pla)r ¢(r)
B = 250 = o nor

sla/r
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Using the multiplicativity of u(-) and ¢(-) again and relabelling a/r = n, we
see that we are in fact trying to prove:
ps)s _ pln) (59)

¢(n)

Let
u(s)s

This is a multiplicative function by definition, as all the functions inside
the sum are multiplicative. Hence, bearing in mind we are working with
square-free variables in and , it is enough to prove for primes
p. Indeed,
1 p p —1 _ up)

¢(1) ¢(p) p—1 p-1 o)
and so . 58) and (57)) hold. Note that (59)) does not hold for non square-
free numbers, as u( ) = O for t > 2, 1mp1y1ng F(p*) = u(p)/¢(p) always.

So we have
y(m) — <ﬁ u(r )g(r)> Z yal ..... ag ,LL(CQ)CLZ
T15eens T 7 i A
1 k =1 al,l...,gk Hi*l qb(az) itm ¢(al)

From the support of the y, we know that we can restrict the summation over
the a; so that (a;, W) = 1, so we either have a; = r; or a; > Dor;. When
J # m, the contribution from when a; > Dyr; is

(i) 5 22 5, ()

(W)= iZjm
k
i)l max W)l R max W)l R
< HQ(T)T Ymax (W) log B s )Og |
= ¢(7"Z')2 WD(_) WDQ

where we got from the first step to the second by using the same bounds as
in and, in order to obtain the last estimate, note that the product in
the second line is over a finite number of s, so it is O(1).

Therefore, when a; = r; for all j # m, we have

k
(m) _ g ym ..... Trm—1,0m,Tm+1,--Tk + O (ymaxgb(W) 10g R) '
Yriem < ) Z P(am) WDy
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Note that

1 -2
opp o1 ot OV

We know r := Hle r; is coprime to W and that the r; are squarefree, so

k
g\ri)7; _
Hgb((r-))z = I a+oe™) —1+0< SopP+ > () >
=1 ’ plr plr pqlr
(r,W)=1 (r,W)=1 r,W=1

and the error term is in fact O(l /D), since we can bound each term by
}: %/—@<— (60)
TL>D0

The new error term given by this estimate is absorbed by the old one and
the proof is complete. n

4.1.2 Smooth choice of y

We now want to choose our y variables so that the ratio S,/S; is maxi-
mal, ignoring the error terms. From our expressions and , by using
Lagrange multipliers, we obtain

¢ k
Tlv 5T || 7, 7'17 5Tm—1,"m,T"m+1,---Tk
1= 1 v m=

for some fixed constant A\. We know from our choice of W that the variables
y are supported on integers free of small prime factors. Furthermore, we have
g(p) = p—2and ¢(p) = p— 1, so for our variables r;, g(r;) = ¢(r;) =~ r; holds
for all 2. Therefore, the above reduces to

k
5 (m)
)\yrl““’rk ~ y"‘lw--armfl77'm77"m+17~-~’7‘k

m=1
We choose | |
0g 71 0g Tk
g, = F e , 61
Yrteime Q%R byg (61)
for some smooth function F' : R¥ — R, supported on Ry = {(x1,...,7;) €

0,1)% : S°F | #; < 1}. We restrict the support of F(-) to that particular set,
since we know that [[, r; < R, implying

log logry  logry +...4+logr,  log(ry...7:)

e = = < 1.
log R log R log R log R
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Bearing in mind that the r; are all squarefree and their product is coprime to
W, we set y,, ., = 0, when this does not hold. We want to obtain estimates
for S7 and S; with the choice of y given by . We use the following lemma
from [§], which we quote without proof, with slight changes of notation.

Lemma 4.10. Let k, A1, Ay, L > 0. Let v(-) be a multiplicative function

satisfying

0 S M S 1- A17
b

and |
—L < Z W—mlog(z) < A,

w
w<p<z

for any 2 < w < z. Let h(-) be the totally multiplicative function defined on
primes by h(p) = v(p)/(p — v(p)). Finally, let G : [0,1] — R be a smooth
function and let Gmax = sup,eo 11(|G()| + [G'(t)]). Then

S u(dPh(d)G (log d) _glog2)” /O Gy

“— log 2 (k)
+ Oy Ay i (B LG ax(log 2)"71), (62)

om(-2) 1-t)

Here the constant implied by the ‘O’ term is independent of G and L.

where

Remark 15. We remind the reader that I'(-) is the Gamma function, i.e.

which is well defined for t € C and R(¢t) > 0. Forn € Z, I'(n) = (n — 1)!
holds.

Remark 16. Note that the series appearing in this lemma is the equivalent
of the inverse of the singular series defined in ((15]), which also appears in the
GPY theorem.

We now estimate S;. We prove the following lemma:

.....

F supported on Ry, = {(x1,...,z) € [0,1)% : 28 |2, < 1}. Let

OF
atl (tla s ?tk) :

k
Fuax = sup  [F(ty,.... )|+
=1

(t1,---,tx)€[0,1]F
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Then we have

S — ¢(W)"N(log R)* Frax®(W)*N (log R)’“)

Wkt Iy(F) + O < WHH1D,

/ / (t, ... tp)2dty ... dt,

Proof. We substitute our choice of y given by into the expression for S
given by to obtain

g N ﬁ,u(ui)2 P log 1, log ug \
Tw LL g (u;) logR’" " logR

2 k k
Lo (Fmax¢(W) N(log R) ) ‘
Wk+1D,

where

(63)

Note that if we have (u;,u;) # 1 and (u;, W) = (u;, W) = 1, then u; and u;
must have a common factor greater than Dy, since W = Hp <p, P- Thus we
can drop the requirement that w; # u; for all i # j at the cost of an error
term of size

maxz Z HM(UZ)Q Fmaxz 1 <Z u(u)2>k
ou) S TW 12\ & o))
pl(uiug) (W )=1

since ¢(p) = p — 1 and by summing over a single variable u and then raising
that sum to the power & — 1 we are just adding more terms. We use (48)
and to obtain an error of size

Frax®(W)*N (log R)*
< W1 D, :

(64)
To estimate the main term, we apply Lemma k times (once for each

variable u;). We take k = 1 each time and we need v(p)/(p —v(p)) = h(p) =
1/¢(p) =1/(p— 1), so we take

7(]9)2{(1) ity [,

otherwise.
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This gives v(p)/p =0 or v(p)/p < 1/2, so we can take A; = 1/2. Also,

L Y R () s ler b

wep<z P v wep<z P w<p<z
pf W p|W
lo z
log< >+O()—|—O Z &b —log(—)
P w
p|W
lo
< Z gp << log D07

p<Do

by using Merten’s theorem repeatedly, which states

1
Z 8P _ logz 4+ O(1).
p

p<z
We have
6=]] (1 - —> II:=
p|W pf W

When we apply the lemma for the first time, we obtain

> (I5e) (i)

w

;

UL yeeey Uk i=1 log R ’ ’ log R
(wisuj)=1Vi#j
(ui,W)ZIV’L
— Z ﬁ M(Ui)Q M(UJl)QF (log U log [
U2,..., Uk i—9 ¢<uz) w ¢(u1) 10g R’ ’ 10gR
(uisu;)=1Vi#j
(us ,W)=1Vi
k 1 5
p(W)log R w(u;)? / ( log uk>
- w Flt,..., dt
w U2Zuk g d(u;) 0 ! log R !
(ui,ug)=1Vi#j
(ui,W)=1Vi
L0 Facd(W) log Dy < ,u(u)z>k1 '
W u<R ¢(U)
(u,W)=1

The error term becomes

Faax®(W)* log Dy(log R)*
< T ,
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and for every subsequent applications of the lemma, the error terms we obtain
become smaller and smaller. Thus, the main term in becomes

N ¢(W)*(log R)*
w Wk

(65)

F2. o(W)EN log Dy(log R)*1

Comparing the error terms in and , we see that the former gets
absorbed into the latter, since Dy < logloglog N and R = N??2. Hence, the
lemma is proved. O

We now estimate Sy. We prove the following lemma:

.....

Then we have

m _ O(W)*N(log R)**' () (W) N (log R)*
Sy = Wktllog N Iy (F)+O Wk+1D, ’
where
1 1 1 2
J,§m>(F)—/ / (/ F(tl,...,tk)dtm) dty ... Aty 1 dtms . . . dty.
0 0 0

(m (m)

Proof. We begin by estimating ym,,),,,rk first. We know " . = 0 when
Tm # 1 or (Hf:1 r;, W) # 1 or the r; are not coprime and squarefree. We
substitute our choice of y into the expression for ™ given by Lemma
We first look at the case when yr(flﬂ) . 7 0. We have

.....

.....

m =Y plu)? . (logm log 7y—1 logu 10g 71 log 7,
Yn rk(uwl‘[’? T‘):lqﬁ(u) logR”"""7 logR "logR’ logR '~ 'logR
Frax®(W)log R
0] :
i ( WD

: k
Since [[;_, i < R, we have

Frax®(W)log R
i .

yim) < (66)

We now estimate the sum over u. We apply Lemma with k = 1 and

v (p) = { 1 ifp fWILL, m

0 otherwise.
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We can take A; = 1/2 again and

L<1+ Y bﬂ«zlongr > loip

PIW T, ri p<log R pIW T, i
p>log R
lo lo
< loglog R + Z gp—l— Z sb
W ko
p>plog R PI\JI;[fngR
lo > o[l o8P
< loglog R + Z gp—i— pIIH ZR
p<Do p 08
p>log R
1 .
< loglog R + log Dy + Olgiflgl < loglog R,
0g

since R = N%2. In this case, we have

Therefore, we have

" oW) (15 6)\ im
02, =10g 1) 2 (H ) ke
i=1 ¢

Fmax W i ) Fmax Wl R
+O( Vﬁ( )HqﬁSj)loglogR)ﬂLO( ouv) log )

where
Fr(m) . /1 - 1og7’1’ L log rmfl,tm, logrmﬂ’ o log it
b 0 log R log R log R log R

and the second error term dominates. We now substitute this into our ex-
pression for Sém) given by Lemma m to obtain

sy S INOog Rt (ng()d;() >(F<m> Ly

(ri,W):IiV'i
(ri,rj)iIViij
F? W)k N (log N)*
o (Bt Vg V1),
WHHLD,
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where to obtain this error term we substituted into the first error term
in and the second error term in gets absorbed into this one. The
error terms given by the expression for y(™ also get absorbed into it. The
first one is

< Fuacd(W)logR N ( u(u)g)k_1
u<R

W Dy o(W) log Y g(u)
(u,W)=1
F2_ o(W)NlogR (gb(W) log R)k YOR2 o(W)RN(log R)®

W2D, w Wk D,

The second error term given by the expression of ™ is

<

F2_ 6(W)2(ogR? N ()
W2D3 (W) log N —

o Fad(W) N (log R
Wkt1 D2 log N

We can remove the condition that (r;,7;) = 1 as we did in our treatment of
S1, at the cost of an error term of size

(W) N(log R)?F2,. 6(p)* 2o\
< W2log N (Z p)%“)( 2 g(r)r? )

p>Do

Frax®(W)*N (log R)*
< Wk+1D, ?

where we bound the first sum by 1/Dg and the second by (log R¢(W) /W )*~1
We now want to evaluate the quantity

We apply Lemma [4.10[ again, once for each variable r;. We take x = 1 and
we need h(p) = v(p)/(p — (p), so




which gives

 o(p)?p
p) = 9(P)p* + ¢(p)*’
so we take
p?—3p+1 .
v(p) = { E gy PAW
otherwise.
This gives
-1 -1
o-I1(-%7) ()= IL0-77) (1))
];[ P D w o W p p

Now, for primes not dividing W, v(p) =1+ O(1/p), so

s T (-"2) " (-3) ) - S (i)

=2 log (1—1/p )0/(]91/19))

E(reo{t=)
- ; (P —p—1> = O(1/Dy).

So, by Taylor expansion,

11 (1 - %) B (1 - %) = O/ — 1 + O(1/Dy),

pf W

for Dy — oo. Hence,

Also,

|
L<<1+Zﬂ<<logD0.
p|W
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So, for the first application of the lemma, we obtain

s- X (HM)ZMww

T25.05 Tm—1,T"m+15--+» <<
(r:,W)=1Vi i#£m

o) 3 (M)

----- Tm—1,Tm+15-+

(rs,W)=1Vi tm
Fax®(W) log Dy pu)*p(u)? k-2
+O( w ( ;% g(u)u? ) ’
(u,W)=1

and the first error term dominates, becoming

F2 1%/74 k—1 1 k—1
o FRo() " log R)
Wk—lDO

and for every subsequent applications of the lemma, the error terms we obtain
become smaller and smaller. Thus, after k — 1 applications of the lemma, we
obtain

m) _ O(W)*N (log R)**!

F2_ &(W)EN(log N)*
(m) max g
S Wk+l1og N Sy +0 ( Wk+1 Dy, ) ’
where
1 1 1 2
Jm :/ / </ F(tl,...,tk)dtm) dty ... dtprdtmer . .. dty,
0 0 0
hence the lemma is proved. O

4.2 Optimisation and consequences

Proposition 4.13. Let the primes have level of distribution @ > 0. Let 6 > 0
andH = {h1, ..., hi} be an admissible set. Let I;,(F) and J,gm)(F) be given as
in Proposition[{.0] and let Sy, denote the set of Riemann-integrable functions
F:[0,1% = R supported on Ry = {(x1,...,zx) € [0,1)F : S5 23 < 1} with
I.(F) #0 and j,gm)(F) # 0 for each m. Let

S I(F) Wﬂ
M, = su 5SS , Ty = ,
b Fe‘g@ I.(F) "

o1



where [x] is the smallest integer bigger than or equal to x. Then there are
infinitely many integers n such that at least vy, of the n+ h; (1 <i <k) are
prime. In particular,

im i — < R,

lim inf(pryr,—1 — pn) < max (hi — hy)
Proof of Proposition[{.13. We recall that if we can show that is positive
for all large N, then there are infinitely many integers n such that at least
two of the n + h; are prime.

Let R = N%2~¢ for a small € > 0. By the definition of M,, we can choose
Fy € S; such that

ST RM(F) > (Mg, — ) Iu(Fy). (67)

Since Fy(-) is Riemann-integrable, there exists a smooth function Fi(-) such
that

k
ST MR > (Mg, — 20)Ik(Fy). (68)

such that

S(N,p) = 52 — pSi

1+ o(1)d(W)EN(log R)* [log R <~ (o
-+ o)1V N o ) (DSN;J; ><F1>—pzk<F1>>,

SO we can use and the level of distribution to obtain

(1+0(1))p(W)* N (log R)*

S(N, p) > i I(F) ((2 — ) (My — 2¢) — p> .

So S(N,p) > 0 for all large N if we choose p = OM;/2 — § and we pick €
to be sufficiently small. We deduce that there are infinitely many integers n
for which at least |p + 1| of the n + h; are prime. If ¢ is sufficiently small,
|p+ 1] = [6M/2] = ri, hence the proof is complete. O

Proposition 4.14. Let k € N and let My be as given by Proposition [{.13
Then

(1) We have Ms > 2.

(2) We have Myos > 4.

(8) If k is sufficiently large, we have M > logk — 2loglog k — 2.
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We discuss the proof of Proposition briefly. For parts (1) and (2) we
want to find a lower bound for M, when k is small. To do that, we use the
following lemma:

Lemma 4.15. Let P; = Z " denote the j-th symmetric power sum poly-

nomaial. Then we h,cwe

zlz

al
(k+ jb+a)!

/ (1- P1)anbdt1 o dty = Gb’j(k)’
R

where

=13 () £ T

r=1 ~ 7 by,.., br>1 i=1

s a polynomial of degree b which depends only on b and j and Ry, is defined
as in Proposition |4.15,

Proof. We use induction on k to show that

k; .
/ (1 - Zt) [Tt ... dt = G +“;1:£Zl,z ot (69)

=1

We consider the integration with respect to t; first and we make the substi-
tution v = t;/(1 — Zf , t;), which gives dt; = dv(1 Zf ,t;). We obtain

172?:2 t; k “k ata1+1 1
[ () e ()% fa- s
0 =1 /) =1 0

=2

On the right-hand side of this equation, we recognise the Beta function,

1
B(a,b) = / 2711 — x)" ",
0

which can be expressed in terms of the Gamma function as

['(a)C(b)

B(a,b) = Tath)

Thus, we obtain

172:?:2 4 k a‘al k a+ai1+1
/0 (1—;@-) Htldtl R <Ht>< Zt) :
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We see that follows by induction. The binomial theorem gives

k

CEED S | [

|
bl ye,b H 1 0l

Therefore,

/(1—P)“Pbdt dh — — > f[(jbi)!
-~ VT b+ ) L1y

Now, there are (f) of choosing r of the by, ..., by to be non-zero, so

P 5 -() © 1%

br>1 =1
b —b sum;=171b;=b

thus the lemma is proved. O

We now concentrate on the case when P is a polynomial expression in P;
and P, only.

Lemma 4.16. Let F(-) be given in terms of a polynomial P by

. P(tl,...,tk) if(tl,...,tk)ERk,
Fty,... t) = { 0 otherwise.

Let P be given in terms of a polynomz'al expresswn i the symmetric power
polynomials Py =S¢ t; and Py =S¢ 12 by P =" a;,(1 — P)"P§* for
constants a; € R and non-negative integers b;, c;. Then for each 1 < m < k
we have

(b + b;)!Gete 2 (k)
Ii(F) = ; tep?
WE)= ) YU+ by + b + 26 + 2¢,)0

1<ij<d
ci G C: Ci\ Vb bicicic Gc’—i—c’ 2(]{; — 1)
J]E;m)(F): Z aiajzz </Z)</J) 227071 =) 0102 1 29
. . . . 1’
e B e A G VA (k + c; + b + 2¢; + 2¢; + 1)

where

bilb;!(2¢; — 2¢))!(2¢; — 2¢5)1 (b + bj + 2¢; + 2¢; — 2¢) — 2, + 2))!

/ y
’Ybi,bj,ci,t:j,cl,cz

(b; + 2¢; — 2, + 1)U(bj + 2¢; — 2¢, + 1)!
and where G is the polynomial given by Lemma[{.15
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We omit the proof of this lemma, but note that its importance is that we
deduce from it that I,(F) and S, J,gm)(F ) can be expressed as quadratic
forms in the coefficients a = (ay, ..., aq) of P. They will be positive definite
real quadratic forms and so

SOk J,gm)(F) _a’Ma

m=1

I.(F) ~aTMa’

for two rational symmetric positive definite matrices My, M5, which we can
calculate explicitly in terms of k for any choice of exponents b;, ¢;. To max-
imise this expression we use the following lemma from linear algebra:

Lemma 4.17. Let My, My be real, symmetric, positive definite matrices.
Then

a’ M,a

a’Ma

is mazimised when a is an eigenvector of M, ' My corresponding to the largest
eigenvalue of M;*M,. The value of the ratio at its mazimum is this largest
ergenvalue.

Proof. We can normalise the denominator of this ratio, since multiplying a
does not change its value. Thus, we can use Lagrange multipliers to maximise
a’ M,a subject to the constraint a’ Mya = 1. We write

L(a,\) = a’ Mya — A(a” Mja — 1)
and, differentiating, we obtain the following system of equations

0L
N 66%

0 = ((2M2 - 2)\M1)a)i,

where we have used the fact that the matrices M; are symmetric, and so
alMa = > o T Q. Since M, is invertible by positive definiteness, this
implies that

M ' Mya = )a.
It follows that
a’Mya \
alMya

]

To obtain our estimates, we let F'(-) be defined in terms of a polynomial P

as in Lemma Let P be given by a polynomial expression in P; = Zle t;

and P, = Zle t2 which is a linear combination of all monomials (1 — P;)° Py
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with b+ 2¢ < 11. There are 42 such monomials and if we take & = 105 we
can calculate the rational symmetric matrices M; and M, corresponding to
the coefficients of our two quadratic forms [ (F) and Zle J,gm)(F ). With
the help of a computer, Maynard found the largest eigenvalue of M; M, to
be

A~ 4.0020697... > 4,

thus establishing part (1). To establish part (2), take

7 1 3
P=(1-P)Ph+—(1-P)+—P,— —(1-P,
( 1) 2+10( ) NEVEE 14( 1)

and £ = 5 to find that

k m
M > e JIM(F) 1,417,255
B I (F) 708, 216

To prove (3), we want to find a lower bound for Mj when k is large. We
choose F(-) to be of the form

0 otherwise,

for some smooth function g : [0,00] — R, supported on [0,7]. This choice
makes F(-) symmetric, thus removing the dependency of J,gm)(F ) on m. So
we only need to consider Ji(F) = J,gl)(F ). Furthermore, we note that for
large k£ we can drop the constraints Zle t; < 1 at the cost of a small error
term. Next, we let v = [ _ g(u)?du, and look at the case when g(-) satisfies
v > 0. We have

o0 k
]k(F):/R F(ty, ... tp)%dt,...dt; < (/O g(kt)2dt> = kb,
k

In order to obtain a lower bound for Ji(F'), we restrict our integral to
Zsz t; < 1 —T/k for some positive quantity 7. We have

T/k [k 2
Je 2 / to,e >0 (/0 (H g(k’ti)> dt1> dty ... dts
i=1

Sk ti<1-T/k

and we write the right-hand side as J}(F) — E}(F), where

- ( [ (HW dtl)iztz o
e ([ o)’
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E;;(F):/ 50 (/Om <Hg(l€ti)> dt1> dty ... dt

k
i—2 ti>1—T/k

0o 2 k ?
=k ! (/0 g(u)du) U2,y gy >0 (H g(“l)) duy . .. duy.
k 2

Under the restriction

U]
I

[

S
vV
T
S

S ug(u)?du . T

=7 e <17
Jo g(u)?du k
we obtain through simple calculations that
00 2
L(F) =[5 g(u)*du k(1 —T/k — )

We want to maximise this lower bound, so we use Lagrange multipliers to
maximise fOT g(u)du subject to the constraints

T T
/ g(u)*du = v and / ug(u)?du = pry.
o 0

We use the Euler-Lagrange equations to obtain

()= —
I = a1 2pt

where o and 3 are Lagrange multipliers and 0 < t < T. We then restrict our
attention to functions ¢(-) of the form 1/(1 + At) for some constant A > 0
and ¢ € [0,T]. This gives

/OT glu)du = w’ /OTQ(U)Qdu ) % (1 - +1AT) -

g 1 1
25 _ _
/0 ug(u)*du = e (log (1+AT) -1+ T AT) :

Next, we choose T such that 1 4+ AT = e’ and, substituting into ([70)),
we obtain

and

k’Jk(F) A@A
L) =4 (1 TEI- A/ 1) - eA/k)2) |

We then choose A = log k — 2loglog k to obtain the final result.
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4.3 Main results

We are now ready to prove the main theorems of this section.

Proof of Theorem[{.4 We look at admissible sets H of size k, when k is large.
By Theorem , we know primes have level of distribution § = 1/2 — ¢ for

any € > 0. By Propositions and [4.13),
QMk > 1/2 — €
7 2
If we choose € = 1/k, we have M, /2 > m if k > Cm?2e?™ for some absolute
constant C' which is independent of m and k:
oM, k—2
el IEN
2 T 4k

(logk — 2loglog k — 2).

(logk —2loglogk —2) > m <

4k
logk — 2logloghk — 2 > mm —

4k
log k > 210glogk+2+mm —=
k> (logk)? - exp?2-exp (4mk/(k — 2))
= (logk)? - exp 2 - exp(4m) - exp (8m/(k — 2)).

Now, k > €™ by choice, so exp (8m/(k — 2)) < exp (8m/(e'™ —2)) < P for
some constant P, since k sufficiently large implies we can take m sufficiently
large. Therefore, we require

k > Q(log k)* exp (4m),
where () := Pexp 2. This is equivalent to

2
}% > @ exp(4m).

Note that the function f(z) := (logz)?/z is decreasing, so for k > Cm?2e'™,
we need

1 (logC +2logm + 4m)?

R~ COm? '
For m sufficiently large, we can choose C' so that this holds at all times.

Therefore, for any admissible set H of size k > Cm?2e*™, at least m + 1

of the n + h; must be prime for infinitely many integers n. If we choose
H = {Prk)+1,- - -» Pr(k)+k}, it will be admissible since there are k elements
and none of them is a multiple of a prime less than k. By the prime number
theorem, pr(x+1 — Pr(ryek <K klogk. If we choose k = [Cm?e*™], klogk ~
Cm?e'™(log C + 2logm + 4m) < m3e'™. Hence, the proof is complete. [
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Proof of Theorem[].4. We look at admissible sets of size k = 105. We know
primes have level of distribution § = 1/2 — ¢ for any € > 0. So if we take
e sufficiently small, we have 2 > 0Mjp5/2 > 1 and ri95 = 2 in Proposition
. So liminf, (pp+1 — pn) < maxi<; j<105(hi — h;) for any admissible set H
of size 105. Thomas Engelsma found such an admissible set with h; = 0 and
h19s = 600. Hence, the proof is complete. O

Proof of Theorem [{.5. If we assume that primes have level of distribution 6
for any 6 = 1 — ¢, then Propositions and tell us that rp5 = 2 for
small enough e. So liminf, (py42 —pn) < maxi<; j<i05(hi — h;), and if we use
the same admissible set as above, the first part of the proof is complete.
We next take k£ = 5 and H = {0,2,6,8,12}. We have Q(2) = {0},
Q(3) ={0,2} and 2(5) = {0, 2, 3,4}, hence H is admissible. We take § = 1—¢
again and, by Proposition M > 2 and so r5 = 1 for e sufficiently small.
Thus, Proposition m gives liminf,, (p,+1 — pn) < 12. Hence, the proof is
complete. O

5 Conclusions and further directions

Before the work of Maynard and Zhang, the strongest unconditional result
about small gaps between primes had been the GPY theorem, which does
not prove the existence of infinitely many bounded gaps. Recent results take
us one step closer to obtaining the twin prime conjecture, as we aim to reduce
the gap in to 2.

Many mathematicians are working on this problem, and the polymath
project [I3] reduces the gap to 246 by combining the techniques developed
by Maynard with those in [I2]. Furthermore, it is proved in [I3] that under
the generalised Elliott—Halberstam conjecture [5.1], the gap is reduced to 6.

Conjecture 5.1 (Generalised Elliott—Halberstam conjecture). Let ¢ > 0
and A > 1 be fized. Let N, M be quantities such that x¢ < N < x'7¢ and
¢ << M < 2t with NM =< z, and let o, 8 : N — R be sequences supported
on [N,2N] and [M,2M] respectively, such that one has the pointwise bounds

()| < 7(n)?M (log 2)°W; |B(m)| < 7(m)°W (log 2)?V (72)

for all natural numbers n,m. Suppose also that B(-) obeys the Siegel-Walfisz
type bound

[A(BL(py1:a(@)] < 7(gr)?V M (log )~
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for any q,r > 1, any fired A and any primitive residue class a modulo q.
Then, for any Q < 2%, we have

sup  |A(ax f;a(g))| < z(logz) .
7<0 a€(Z/qZ)*

Remark 17. We define o * 5(-) to be the Dirichlet convolution of a(-) and

B(+), that is

n

axfB(n) = ;a(n)ﬁ <E> .

We also define, for any function o : N — C with finite support and any
residue class @ modulo ¢, the (signed) discrepancy A(«;a(q)) to be the quan-
tity

1

Aasa(g) == >, an)—— > a)
n=a (mod q)

Remark 18. Tt is proved in [I3] that for any fixed 0 < # < 1 the generalised
Elliott—Halberstam conjecture implies the Elliott—Halberstam conjecture.

For a review of the topic of bounded gaps between primes and some of
the applications of Maynard’s work, see [9].

On a separate note, mathematicians are also interested in estimating
‘long’ gaps between primes, i.e the quantity lim sup,, . (Pni1 — pn). In their
paper [4], Ford et al. prove that

log X loglog X log logloglog X

pgl?gX(an ~ ) > log log log X

)

for sufficiently large X.

Maynard’s results are incredibly strong on their own, but it is his tech-
niques that represent the most powerful tool in [10]. He brought the multi-
dimensional Selberg sieve back into prominence, as it continues to be devel-
oped and used not only in the study of small gaps between primes, but in
various other classical problems in analytic number theory.

Acknowledgments

It is a pleasure to thank my supervisor, Dr Yiannis Petridis, for his guidance
and his constant support.

60



References

1]

[11]

[12]

A. C. Cojocaru and M. Ram Murty, An introduction to sieve
methods and their applications, Cambridge University Press,
2005.

W. Chen, Lecture notes in elementary mnumber the-
ory, https://rutherglen.science.mq.edu.au/wchen/
lnentfolder/lnent.html.

P. D. T. A. Elliott and H. Halberstam, A conjecture in prime
number theory, 1970 Symposia Mathematica, Vol. IV (IN-
DAM, Rome, 1968/69) pp. 59-72 Academic Press, London.

K. Ford, B. Green, S. Konyagin, J. Maynard, T. Tao, Long
gaps between primes, preprint.

J. Friedlander and A. Granville, Limitations to the equi-
distribution of primes, 1. Ann. of Math. (2), 129(2):363-382,
1989.

P.X. Gallagher, On the distribution of primes in short inter-
vals, Mathematika 23 (1976), no. 1, 4-9; Corrigendum, ibid,
28 (1981), 86.

D. Goldston, S. Graham, J. Pintz and C. Yildirim, Small gaps
between primes exist, Proc. Japan Acad. Ser. A Math. Sci. 82
(2006), no. 4, 61-65.

D. A. Goldston, S. W. Graham, J. Pintz, and C. Y. Yildirim
Small gaps between products of two primes, Proc. Lond. Math.
Soc. (3) 98 (2009), no. 3, 741-774; Corrigendum. ibid, 106
(2013), no. 2, 477-480.

A. Granville, Primes in intervals of bounded length, Bull.
Amer. Math. Soc. (N.S.) 52 (2015), no. 2, 171-222.

J. Maynard, Small gaps between primes, Ann. of Math. (2) 181
(2015), no. 1, 383-413.

M. Ram Murty, Problems in Analytic Number Theory, Second
edition, Springer Science+Business Media, LLC (2008).

D.H.J. Polymath, New equidistribution estimates of Zhang
type, preprint.

61


https://rutherglen.science.mq.edu.au/wchen/lnentfolder/lnent.html
https://rutherglen.science.mq.edu.au/wchen/lnentfolder/lnent.html

[13] D.H.J. Polymath, Variants of the Selberg sieve, and bounded
intervals containing many primes, preprint.

[14] K. Soundararajan, Small gaps between prime numbers: the
work of Goldston-Pintz-Yildirim, Bull. Amer. Math. Soc.
(N.S.) 44 (2007), no. 1, 1-18.

[15] A. Strombergsson, Analytic number theory - Lecture
notes based on Davenport’s book, http://www2.math.uu.se/
~astrombe/analtalt08/www_notes.pdf.

[16] Y. Zhang, Bounded gaps between primes, Ann. of Math. (2)
179 (2014), no. 3, 1121-1174.

62


http://www2.math.uu.se/~astrombe/analtalt08/www_notes.pdf
http://www2.math.uu.se/~astrombe/analtalt08/www_notes.pdf

	Introduction
	Sieve theory
	Sieve of Eratosthenes
	Selberg's sieve
	Admissible sets
	Level of distribution of primes

	The Goldston–Pintz–Yıldırım theorem
	The Maynard theorems
	Main proposition
	Selberg sieve manipulations
	Smooth choice of y

	Optimisation and consequences
	Main results

	Conclusions and further directions

